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Abstract 

We study the behavior of perturbations of small nonlinear Dirac standing waves. We assume 
that the linear Dirac operator of reference H = Dm + V has only two double eigenvalues and that 
degeneracies are due to a symmetry of H (theorem of Kramers). In this case, we can build a small 
4-dimensional manifold of stationary solutions tangent to the first eigenspace of H. 

Then we assume that a resonance condition holds and we build a center manifold of real codi- 
mension 8 around each stationary solution. Inside this center manifold any H'' perturbation of 
stationary solutions, with s > 2, stabilizes towards a standing wave. We also build center-stable 
and center- unstable manifolds each one of real codimension 4. Inside each of these manifolds, we 
obtain stabilization towards the center manifold in one direction of time, while in the other, we have 
instability. Eventually, outside all these manifolds, we have instability in the two directions of time. 

For localized perturbations inside the center manifold, we obtain a nonlinear scattering result. 



Introduction 

We study the asymptotic stability of stationary solutions of a time-dependent nonlinear Dirac equation. 

A localized stationary solution of a given time-dependent equation represents a bound state of a 
particle. Like Ranada [Ranj . we call it a particle-like solution (PLS). Many works have been devoted to 
the proof of the existence of such solutions for a wide variety of equations. Although their stability is 
a crucial problem (in particular in numerical computation or experiment), a smaller attention has been 
deserved to this issue. 

In this paper, we deal with the problem of stability of small PLS of the following nonlinear Dirac 
equation: 

idt^ = {D^ + V)ij + VFi^P) 

where VF is the gradient of F : C* i-^ M for the standard scalar product of 
Dirac operator, see Thaller |Tha92j . acting on L'^{R^,C^) 
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In (|NLDE[) . V is the external potential field and : i-^ R is a nonlinearity with the following gauge 
invariance: 

V(6', z) e R X C^ Fie'^z) = F{z). (0.1) 

Some additional assumptions on F and V will be made in the sequel. Stationary solutions (PLS) of 
(jNLDEp take the form x) = e~'^*0(a;) where (j) satisfies 

E(P^ {D,^ + V)4> + WF{<P). (PLSE) 

We show that there exists a manifold of small solutions to (jPLSEp tangent to the first eigenspace of 
Dm + V (see Proposition 11.11 below) . 

In the Schrodinger case, orbital stability results (see e.g |CL82j . |Wei85[ rWei86] or [5S851 
give that any solution stays near the PLS manifold. Unfortunately, orbital stability criteria applied 
to Schrodinger equations use the fact that Schrodinger operators are bounded from below. Hence the 
question of orbital stability for Dirac standing waves cannot be solved by a straightforward application 
of the methods used in the Schrodinger case. 

Concerning the asymptotic stability, in the Schrodinger equation, the question has been solved in 
several cases. For small stationary solutions in the simple eigenvalue case it has been studied by Soffer 
and Weinstein |S W90t [SW92] . PiUet and Wayne TW97] or Gustafson, Nakanishi and Tsai |GNT04j . For 
the two eigenvalue case under a resonance condition for an excited state, the problem has been studied by 
Tsai and Yau [TY02al ITY02cl ITY02dl ITY02b[ ITsa03j or Soffe r and Weinstein |SW04l [SW05] . Another 
problem has been studied by Cuccagna [CucOli fCucOSi [CucOSj . he considered the case of big PLS, when 
the linearized operator has only one eigenvalue and obtained the asymptotic stability of the manifold of 
ground states. Schlag |Sch04j proved that any ground state of the cubic nonlinear Schrodinger equation 
in dimension 3 is orbitally unstable but posseses a stable manifold of codimension 9. 

We also would like to mention the works of Buslaev and Perel'mann [BP95 . BP92bl IBP92c[ IBP92a| . 
Buslaev and Sulem |BS03[ IBS02] . Weder [WedOO] or Krieger and Schlag [KS051 in the one dimensional 
Schrodinger case. Krieger and Schlag [KS05| proved a result similar to |Sch04| in the one dimensional 
case. 

In |Bou06j . we prove that there are stable directions for the PLS manifold under a non resonance 
assumption on the spectrum of H :— Dm + V. This gives a stable manifold, containing the PLS manifold. 
But we were not able to say anything about solutions starting outside the stable manifold. 

The results we present here state the existence of a stable manifold and describe the behavior of 
solutions starting outside of it. In fact, we prove the instability of the stable manifold. We also prove 
stabilization towards stationary solutions inside the stable manifold for perturbation with s > 2. We 
have been able to obtain it since we impose a resonance condition (see Assumption 11.51 below) , while in 
[Bou06j , we assumed there is no resonance phenomena. 

When the perturbations are localized, we can push further this study and we obtain a nonlinear 
scattering. 

This paper is organized as follow. 

In Section [1] we present our main results and the assumptions we need. Subsection II. 1) is devoted 
to the statement of the time decay estimates of the propagator associated with H — Dm + ^ on the 
continuous subspace. One is a kind of smoothness result, in the sense of Kato (see e.g. |Kat66| ) . the 
other is a Strichartz type result. We prove these estimates with the propagation and dispersive estimates 
proved in |Bou06| . In subsection 1 1.2[ we state the existence of small stationary states forming a manifold 
tangent to an eigenspace of H. The study of the dynamics around such states leads us to our main results, 
see Subsection 11.31 and 11.41 In Subsection II. 3| we split a neighborhood of a stationary state in different 
parts, each one giving rise to stabilization or instability. In Subsection ll.4( we state our scattering result. 

To prove our theorems, we consider our nonlinear system as a small perturbation of a linear equation. 
More precisely in Subsection 12.21 we show that the spectral properties of the linearized operator around 
a stationary state, presented in Section [2l permits to obtain, like in the linear case, some properties of 
the dynamics around a stationary state. We obtain center, center-stable and center-unstable manifolds. 
In Section [3l we obtain, with our time decay estimates, a stabilization towards the PLS manifold for " 
perturbation with s > 2 in the center manifold. Section [4] deals with the dynamic outside the center 
manifold. Eventually in Section [51 we conclude our study. 

Our results are the analogue, in the Dirac case, of some results of Tsai and Yau |TY02d| . Soffer and 
Weinstein |SW90j . Pillet and Wayne [PW97j and Gustafson, Nakanishi and Tsai [GNT04| about the 
semilinear Schrodinger equation. 
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1 Assumptions and statements 
1.1 Time decay estimates 

We generalize to small nonlinear perturbations, stability results for linear systems. These results, like 
in [Bou06j . follow from linear decay estimates. Here we use smoothness type and Strichartz type esti- 
mates deduced from propagation and dispersive estimates of [Bou06j . Hence, we work within the same 
assumptions for V and D„i + V: 



Assumption 1.1. The potential V 
that there exists p > 5 with 



5*4 (C) (self-adjoint 4x4 matrices) is a smooth function such 

C 



{X 



,P+|a| ■ 



Va e 3C > 0, Va; e M^ \d"V\{x) < 

We notice that by the Kato-Rellich theorem, the operator 

H := D,n + V 

is essentially self-adjoint on Cg^iR^,^^) and self-adjoint on H^{R^,C'^). 

We also mention that Weyl's theorem gives us that the essential spectrum of H is (— cx3,— m] U 
[+m, +oo) and the work of Berthier and Georgescu [BG871 Theorem 6, Theorem A], gives us that there 
is no embedded eigenvalue. Hence the thresholds ±to are the only points of the continuous spectrum 
which can be associated with wave of zero velocity. These waves perturb the spectral density and diminish 
the decay rate in the propagation and the dispersive estimates. We will work (like in [Bou06j ) within the 

Assumption 1.2. The operator H presents no resonance at thresholds and no eigenvalue at thresholds. 

A resonance is a stationary solution in H^^^ \ H^^^ for any a G (1/2, p — 2), where is given by 

Definition 1.1 (Weighted Sobolev space). The weighted Sobolev space is defined by 

7^*(K^c4) = {fe S'{R'), UQriPYfh < oo} 

for fj, t G M. We endow it with the norm 
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Ift — O, we write instead of H^. 



-iV, and Q is the operator of multiplication 



We have used the usual notations (u) = Vl + u^, P 
by X in R^. 

Now let 

Pc{H) ~ l(_oo,-m|U[+m,-|-oo)(-ff) 

be the projector associated with the continuous spectrum of H and Jic be its range. Using [Bou06|. 
Theorem 1.1], we obtain a Limiting Absorption Principle which gives the i?-smoothness of {Q)~^ in the 
sense of Kato: 

Theorem 1.1 (Kato smoothness estimates). If Assumptions [Tl\ and \77^ hold. Then for any a > 1 and 
s £ M, one has: 



(Q) 



-itH 



"^Pe(i/) {Qy^Fit)dt 



<C\\F\ 



(QY 



-i(t-s)Hp^ (i/) {Qy^Fis) ds 
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Proof. We first prove (Q). For s = 0, it is (see e.g. |ABdMG96l Proposition 7.11] or [RS78[ Theorem 
XIII. 25]) a consequence of tlie limiting absorption principle: 



sup { (Q)-'' (H ^ z)-' P,{H) (Q)-^ }< 



(1.1) 



whicfi follows from [Bou06[ Theorem 1.1] or (Theorem 13.11 below) for a > 5/2 using the fact that the 
Fourier transform in time of the propagator is the resolvent. Actually, the Fourier transform of 



in time is 



for / e L^(R'^,C"'). Then we use Born expansion 

(H - z)-i = {D^ - z)-i - (A„ - zy'V{D„, ~ z)-i + {D^ - z)-^V(H - z)-^V(D^ - z)-' 

the limiting absorption in |IM99l Theorem 2.1(i)] (they prove the identity (jl.ip for H — Dm when u = 1) 
and the fact that 



|(iI-z)-i(l-P,(ff))||^(^,^ < 



1 



inf |z-A| 

AG( — oo,— m]u[+m,+oo) 



to obtain (|l.ip for a — 1. Hence we have concluded the proof for s ~ Q and cr > 1. For s e 2Z and 
cr > 1 it follows from the previous cases using boundedness oi < H >*< D„i >^'^ and < H >^'^< Dm >'' 
(which follow from the boundedness of V and its derivatives) and the boundedness of {Q)^'^[{Q) 



< 



H >^]{H)^^ (which follow from multicommutator estimates see |HSOO[ Appendix B]). The rest of the 
claim ^ follows by interpolation. 

Estimates Q and ^ are equivalent by duality. 

To prove estimate when s — (the general case will follow by the same way as above) , we notice 
that we have to prove that there exists C > such that for all F,G £ L^(U., _L^(R'^, C^)), we have 



G{t), (Q)-" e-'(*-^)^Pe (H) Ik; {t - s) (Q)"" F(s)) dsdt 

< ^\\G\\Ll(V.,L^(SL3,C'i)) II-^IIlJ(RX2(]u3^c-*)) 



We can suppose that F and G are smooth functions with compact support from 



to 



and we 



just need to prove that there exists C > such that for all e > 0, for all F, G e C^(R, ^^(R^, C"*)), we 
have 

(G(t), (Q)-" e-'(*-^)(^-'^)Pc (H) lR;(t - s) {Qy F(s)) dsdt 

Then we take the limit as £ ^ and we will conclude using density arguments. Let us write Ai^{t) for 
(Q)"" e-'*(^-'^'Pc (H) lK;(i) {Qy, we have to prove 
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Since the Fourier transform in time of the propagator is the resolvent, F is smooth with compact support 
and £ > 0, we obtain 

A^F{\) - (Q)-" {H-\- ie)-ip, {H) {Qy' i?(A) 
Hence we just have to prove 



/ (g{X),{Q)-^ {H - X - ie)-'PyH) {Q)-^ F{X)) dX 
This in turn follows from the Limiting Absorption Principle (jl.ip just proved. 
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To state the next result, we need the 

Definition 1.2 (Besov space). For s € M and 1 < p,q < oo, the Besov space Bpg{M.^,C^) is the space 
of all f E S'{M.^,C^) (dual of the Schwartz space) such that 

J22n\v, , fwA <+oo 

with If e C5"(M"\{0}) such that J^jez = 1 for all^ e M.^\{0}, ipj{0 = ^fi^^^O for all j e N* and 

for all G M.'^ . and ipo = 1 — X^jeN* V'j- endowed with the natural norm f e ^(M"^, C*) ^ ll/lls^,- 

Using the Dispersive estimates of |Bou06[ Theorem 1.2] and [KT98[ Theorem 10.1], we obtain the 



Theorem 1.2 (Strichartz estimates). If Assumptions \l.l\ and \1.2\ hold. Then for any 2 < p, q < oo, 

€ [0, 1], with (1 — |)(1 ± |) = I and {p,9) ^ (2,0), and for any reals s, s' with s' — s > a{q) where 
a{q) = (1 + |)(1 — |), there exists a positive constant C such that 

||e-'*^Pc(ff)V'||LP(R,B=_^(R3x'i)) < C'llV'||/i-='(R3,c4), (i) 
e^^"P^iH)F{t)dt\\Hs < C||P||,.^(«^^,,^(^3.c.))> (ii) 

i(t - *^ll-^llLf (R,Si, JR3,C'»))' ("^) 

for any r G [1, oo], {q,p) chosen like {q,p) and s + s > a{q) + a{q). 

Proof This is a consequence of |KT98[ Theorem 10.1] apphed to U{t) = e-'*"Pc{H), using [Bou06[ 
Theorem 1.2] or Theorem 13.21 below and 



„(l+f )(l-f )+s ^ „l+9/2+sx 
^q,2 ^ [H ,i?i 2 j2/((l±e/2)p),2 

continuously for p > 2 (p 2 if 6* = 0) and 1/q = 1 — 1/((1± 9/2)p). For these embeddings, we refer 
to the proof of |BL76[ Theorem 6.4.5] as well as the properties of the real interpolation (see [BL76| or 
[Tri78| ). More precisely for 6* = or 1 it is obvious. In the other cases, we work like in proof of [BL76[ 
Theorem 6.4.5(3)]: 

We use [BTzel Theorem 6.4.3] (S^_2 is a retract of Z|(Lp) for s € M and p,q & [l,oo]) and [BL761 
Theorem 5.6.2] (about the interpolation of Z|(Lp) spaces) with |BL76[ Theorem 5.2.1] (about the interpo- 
lation of LP spaces). Then we conclude using the injection of spaces into some Lorentz spaces jBL76i 
Section 1.3 & Exercice 1.6.8]. 

In the case 0, the proof is actually simpler. We can prove it using the usual TT* method and the 
Holder inequality instead of the Hardy-Littlewood-Sobolev inequality. 

□ 

1.2 The manifold of PLS 

We study the following nonlinear Dirac equation 

idt^J = Hi: + VF(i/;) 



7/^(0, •) = ^o. 



(1.2) 



with i/) G C^(/, H^{M.^, C^)) for some open interval / which contains and H = _D,„ + V. The nonlinear- 
ity F : C'* i-^ M is a differentiable map for the real structure of and hence the V symbol has to be 
understood for the real structure of C^. For the usual hermitian product of C*, one has 

DF{v)h ^ ^{VF{v),h). 

If F has a gauge invariance (see Equation (jO.ip or Assumption 11.41 below), this equation may have 
stationary solutions i.e. solution of the form e~'^*(/)o where (f)Q satisfies the nonlinear stationary equation: 
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We will notice that the Dirac operator have an interesting invariance property due to its matrix 
structure. This invariance can be shared by some perturbed Dirac operators and gives a consequence of 
a theorem of Kramers, see |BH92[ lPar90| . Indeed if we introduce K the antilinear operator defined by: 

The operator Dm commutes with K . So if V also commutes with we obtain that the eigenspaces of 
H are always of even dimension. Here we work with the 

Assumption 1.3. The potential V commutes to K. The operator H := + V has only two double 
eigenvalues Ao < Ai, with {(j)o,K(f)Q} and {(f)i,K(f)i} as associated orthonormalized basis. 

We also need the 

Assumption 1.4. The function F : M. is in C°°(M**,K) and satisfies F{z) = 0{\z\'^) as z ^ Q. 

Moreover, it has the following invariance properties: 

Vz e C^ ye e R, F{Kz) = F{z), F{e'^z) = F{z). 

We obtain the 



Proposition 1.1 (PLS manifold). // Assumptions\L^^L^ hold. Then for any a G R+, there exist a 
neighborhood of inC'^, a smooth map 

h-.n^ {(/>„, K(Po}^ nH^{s:\c'^)nLl{R^,C'^) 

and a smooth map E : Q i—f R. such that S{{ui, U2)) = ui0o + U2K(f)Q + h{{ui, U2)) satisfy for all U ^ il, 

HS{U) + WF{S{U)) ^ E{U)S{U), (1.4) 

with the following properties 

, h{U) = 0{\U\'), 
E{U) = Ei\U\), 
^ E{U) = X, + Oi\Un. 

Proof. This result is adapted from |PW97i Proposition 2.2] after the reduction due to the invariance of 
the problem with respect to K. □ 

Moreover, we have 

Lemma 1.1 (exponential decay). For any (3 e N'', s G R+ and p,q E [l,oo]. There exist 7 > 0, £ > 
and C > such that for all U G 8^2 (0, e) one has 

\\e''(Q^d^^SiU)\\B^;^^<C\\SiU)h, 
wnere o^^^ — d^TmiTd^^Q^il^^Wm^illd^^Wil^ ■ 

Proof. This is proved like in [Bou06[ Lemma 4.1], where we used ideas of [HisOOj . □ 



1.3 The unstable manifold and the stabilization 

Each stationary solution previously introduced has, like in |Bou06| . a stable manifold. Under the following 
assumption, we can prove that the stable manifold is unstable, that is to say that a small perturbation of 
a stationary solution starting outside of this manifold leaves any neighborhood of this stationary solution. 
We work with the 
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Assumption 1.5. The resonant condition 

|Ai - AqI > min{|Ao + m\, |Ao - m|} 
holds. Moreover, we have the Fermi Golden Rule 

r((/.) = Jim (^d^F{<l>)cl)i,^{{H ~ Ao) + (Ai - Aq) - ie)"' P,{H)d^ F{cl))cl,i) > (1.5) 

e>0' 

for any non zero eigenvector <j) associated with Aq. 

In this assumption, the notation d^F denotes the differential of VF with respect to the real structure 

of 

Let us introduce the linearized operator JH{U) around a stationary state S{U): 

H{U) = H + d^F{S{U)) - E{U). 

We notice that the operator H{U) is not C-linear but only R-linear. Hence we work with the space 
i2(K3^R4 ^ ]g4) instead of L'^{R^, C) by writing 

instead of (p. The multiplication by — i becomes the operator 

Now we mention some spectral properties of the real operator JH{U) in L^(K'^,C"' x C'') (the com- 
plexified of L^(IR^,IR* X M*)) which are needed to state and to understand our main theorem. These 
properties will be proven in subsection [2l 

Proposition 1.2 (Spectrum of JH(U)). The operator JH{U) in L^(IR^, x C^) has a four dimensional 
geometric kernel and four double eigenvalues EiiU), Ei{U), —EiiU) and —Ei{U) with ?fiEi{U) > 0. 

The eigenspaces associated with Ei{U) and Ei{U) are conjugated via the complex conjugation. The 
same holds for —Ei{U) and —Ei{U). 

The rest of the spectrum is the essential (or continuous) spectrum. We write Ti.c{U) for the space 
associated with the continuous spectrum. The space TidU) is the orthogonal of the previous eigenspaces 
and the geometric kernel of JH[U) and is invariant by the complex conjugation. 

Proof. See subsection [5] below. □ 

We will work on the real part of the sum the eigenspaces associated with Ei{U) and Ei(U): Xu{U) C 
L^(R^,R'* X R'*), we introduce a real basis (6(^^))i=i 4 of X„(J7). We will also work in the real part 
of the sum of the eigenspaces associated with —Ei{U) and —Ei{U) : Xs{U) C i^(R^,R^ x R'*), we 
introduce a real basis {^,i{U))^^^ g oi Xs{U). 

We can state our main theorems which will be proved in the sections [2l [3l |4] and [5l 



Theorem 1.3 (Central manifold and asymptotic stability). If Assumptions \ Ll\\1.5\ hold. Then, for 
s > /? + 2 > 2 and a > 3/2, there exist e > 0, a continuous map r : _B£2(0,e) 1-^ R with r{U) = 0(|[/| ), 
C > 0, V a neighborhood of (0, 0) in 

S^{{U,z)- UeBcdO,e), z€nc{U)nBHs{0,riU))} 

endowed with the metric of x and a map : V i— > R^, smooth on V \ (0, 0) satisfying for any non 
zero U e Bc2{0, e) 

\\^{U,z)\\^0{\\z\\l.) 

for all z e TLc{U) H (0, r(U)) with (U, z) e V such that the following is true. 
For any initial condition of the form 

V^o = S{Uo) + ZO + A- aUo) 
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with {UojZq) S V and A — ^(L/qj^o); there exists a solution ip e H^^qC'^ (R, i?*^'^) of (|1.2p wt/i initial 
condition ipQ and this solution is unique in T, T), i7*(]R^, C^)) /or any T > 0. 

Moreover, we have for a/H G R 

^(t) = e-'^o E{u(v)) <i^5([/(i)) + (1.6) 



with 



U 



< CWzqWJts for all q g [l,oo], lim U(t) = U±oo and 



max| ||e||ioo(R±^^=) , I|£|Il2(r±_^^^) , M\l^r±,b^ ^) } ^ C'lko||ff=- 

Theorem 1.4 (Center stable end center unstable manifold). With the same assumptions and notations 
as Theorem\r^ let CM be the graph of {U, z) e V ^ S{U) + z + ^'{U,z) ■ ^{U) then for the set 

5 = {([/,z,p); UeBc2{0,s), z eHciU) n BH^{0,r{U)),p e B^4{0,r{U)),} 

endowed with the metric o/C^ x iJ* x R**, there exist C > 0, neighborhoods W± of (0, 0, 0) in S and maps 
<I)± : yV± i-> R*, smooth on W± \ {(0, 0, 0)} with 

\\'f±{U,z,p)\\^Oi\\z\\l.+\\pf) 

for all (U, z,p) G W± such that for any initial condition of the form 

^o = S{Uo)+zo + ip+,P-).aUo) 

not in CM, the following is true. 

1. If{Uo,zo,p+)eW+ andp^ = $+(C/o, zo,p+) (resp. If {Uq, zo,p-) e W- and p+ ^ ^^{Uq, zo,p-)) 
then for any small neighborhood O of S{Uo) containing -00 there exist i±('0o) > o.iT-d a solution 
V'+ G r]l=oC''{[-t+]+oo),H''-^) (resp. V-- G □^^/'^((-oo; iJ^-*^); of 1^ with initial condi- 
tion ipQ and this solution is unique in L°°((—T\T),H'^{M.^,C^)) for any T > (resp T G (0,i_)J 
and any T' G (0,i+) (resp T' <0). 

Moreover, there exist C > 0, 4>±{t) G CM and p+{t) G Xs(Uo) (resp. p-{t) G Xu{Uo))) for all 
t > —t_ (resp for all t < t^) such that ^p±it) — 4'±{t) + P±{i) with 

\\p±{t)\\H^ < C ||p±(0)||jj= e^F''* ast'^±oo and V^±(Ti±) i O 

where ^ is in a ball around l/2r(J7o), the radius of which is 0(|J7o|^)). 
We also have 



with 



(j)±{t) = e-'-l'o ^'^^^'-"^^ '^''S{U±{t)) + e±{t), yt >t~{resp. Vi < t+) 

<C{\\z„\\H^+\\p±{0)\\Hsf (resp. f7_ <C{\\zo\\H^+\\P±m\H^f) 



L<!((-t_, + oo)) 

for all q G [l,oo], lim U±{t) — U±oo and 

t — >±oo 



L<!((_oo,t+)) 



max I ||e+|lioo((_t_^+oo),ff=) > \\^+\\L^i{-t^,+oo)MtJ ' ll^+llL2((-t_,+oo),Bf^ 3) } 

<C(||zo||ff=+||p±(0)|UO, 

(^resp. max{ |l£_||^^((_^ , Ik- Ili2((„^,t^),ff^ j , \\£~\\Lm-oo,t+),Bi_,) } 

<C(||zolk= + ||p±(0)|UO )■ 
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2. If{Uo,zo,p+) £ W+ and p. ^ $+(C/o, zo,P+) or (C/o,zo,p_) G W- and p+ ^ $_([/o, ^cP-), 
then there exist ^+("00) > 0, t-{ipo) < and a unique solution of (jl.2p with initial condition -00 
SMc/i that for any small neighborhood O of S{Uo) containing ipo, cj) S n^^QC'^([t_; <+], i?*^*^) with 
'ilj{t+) ^ O and ip{t^) ^ O. This solution is unique m L°°{{T' ,T), H^iR^^C^)) for any T e (0,t+) 
and any T' G (t- , 0) . 

The first theorem shows, as in |Bou06j . that perturbations in the direction of the continuous sub- 
space, except four directions, relax towards stationary solutions. We have excluded four directions in the 
continuous subspace, which, due to resonance phenomena, induce orbital instability. The second theorem 
tells us what happens for perturbations in the directions of an excited state and in the four directions of 
the continuous spectrum for which we haven't the stabilization. We thus study eight directions: four of 
them give a manifold on which there hold exponential stabilization in positive time and orbital instability 
in negative time, while the four others give a manifold on which there hold exponential stabilization in 
negative time and orbital instability in positive time. Outside these manifolds, we have orbital instability 
in both negative and positive time. 



Remark 1.1. In the Theorem, we notice that when Uq — then zq — and p = .so the theorem do 
not say anything for this case. In fact, the charge conservation gives the orbital stability ofO. But we 
cannot extend the previous results to since we can build a manifold of stationary states tangent to the 
eigenspace associated with Ai similarly to Provosition \l.l\ 

1.4 The nonlinear scattering 

If we choose a localized zqi we are able to expand further (|1.6p as stated by the following theorems also 
proved in sections [21 El [4] and [5l 



Theorem 1.5. With the assumptions and the notations of Theorem \1.3l for the set 

5, -{([/, z); UeBc2{0,e), z e ndU) n BHsiO,r{U))} 

endowed with the metric of<C^ x H^, there exists a neigborhhood Va of (0, 0) in such that the following 
is true. If A = '^{Uq,zq) with {Ua,zo) G Va, there exist open neighborhoods of (0,0) in Sa and 
(C/±oo;^±oo) € V^, such that 

\V±oo - Uq\ < C\\zo\\h^, \\z±oo - zq\\^, < C||zo|||^j, 

and for all t gR 



with 



V±{t)+i{EiV±{t))-E{V±oo)) 



< 



C 

{tf 



\V±it)~V±oo\ < ^II^oIIh; 



for all t G K. 

Moreover, the maps 

are bijective. 



nax{ 

,-Jtif(y±„o)gJ/o*(B(V±(s))-i5(y±^) 

{Uo; zq) eV^^ (v±oo; z±oo) e 



< 



< 



C 

{t} 

c 

w 

c 



l|2 
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Remark 1.2. The fact that zq is localized gives us the convergence of 



E{U{v)) dv - tE{U±oo) 



as t ±cx) and allows us to obtain an asymptotic profile for the dispersive part of the perturbed solution (p. 
What we call the nonlinear scattering result is essentially the fact that the maps 

{Uo; zo) eVa^ (C/±oo; ^±00) e V^, 

are well defined and bijective (actually the surjectivity is called asymptotic completness) . 

Using wave operators for the couple {JH{U), JDm), we can obtain an expansion of the form ip{t) = 
_|_g-itc™;j^ hitt ^iii only have 



\Z±c 



zoWh- ^ C'll^ollff^ 



max| ||e±||ioo(R±^jj=) , \\£±\\L^m±Mtj ' ||e±|li2(R±^B0 ^) } < C\\zo\\h^, 

or using wave operators for the couple {JH{U),JH) we can obtain an expansion of the form iplt) = 
g-i/„* E{U{v)) dvg(^u^^-^ ^ e-'*"z± + s±{t) with 



\Z±c 



zo\\hs<C{\Uo\ + \\zo\\h^)\\zo\\h^ 



and 



max 



I Ikitll L=o(R±,/J-=) I Ikitll L-^(M±M'_^) ' ll^ill L2(H±^sf^ ^) | < C* {\Uo\ + \\zo\\h^) \\zq\\h-- 



But in these cases, we cannot obtain a nice asymptotic completness statement. 
We have (in the previous expansions) 



I sup ( 



'^±00 



) , sup ({tf^ 



suv({tf^ 



}<c\\ 



Z±oo\\H' 



This follows from Lemma \3.13\ and Lemma \3.14\ 



Outside the center manifold, we can also have an expansion of the same type. But due to the presence 
of exponentially stable and unstable directions, one cannot expect a scattering result of the same type. 
Actually we cannot obtain the injectivity of the corresponding mappings. We have the 

Theorem 1.6. With the assumptions and the notations of Theorem \1.4\ for the sets 

= {{U,z,p) ; U e Bc2(0,e), z e HdU) n BHj(0,r(C/)),p e Bj,40,r{U)), } 

endowed with the metric of x x R^, there exist C > 0, neighborhoods of (0,0,0) in Sa such 
that the following is true. 

If -ipo 4- CM, {Uo,zo,p+) e W+ and p^ = $+([/o, zo,p+) (resp. ([/o,zo,P-) e and p+ = 

^-{Uq, zo,p-)) then there exist C > 0, 0±(t) G CM and p±{t) G Xs([/o) for all t > — 1_ (resp for all 
t < t-^^) such that 'ip±{t) — (j)±{t) + p±{t) with 

\\p±{t)\\^, <C\\p±{0)\\fj,e^'^* as t^ ±00 and ip{Tt±) i O 

where ^ is in a ball dToufid l/2r(t/o)? the Tudius of which is O(|t/o|^))? thcvc exist (Vj^ooi^itoo 

) G 5 such 

that 



\V±oo-Uo\ < C{\\zo\\Hi + \\p±m\Hs) , 
\\z±oo- ZoWjj, < C (||zo||hj + ||/?±(0)||//=)^ , 

and for all t > — (resp for all t < t+) 
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with 



V±{t)+i{E{V±{t))-E{V±oo))\ < ^(Iko|k^ + llp±(0)|k0', 

mt)-v±^\ < ^{\\zo\\H, + \\p±mH^)\ 



max{|l£±(t)|l^. , |k±W|lH^^,l|£±Wlls^,,} < ^ (II^o||hj + ||p±(0)||//0 

and 



H% 



for all t > —t_ (resp for all t < t^). 



2 Linearized operator and exponentially stable and unstable 
manifolds 

We study the dynamics associated with (|1.2p around a stationary state. We will use spectral properties 
of the linearized operator around a stationary state. 

2.1 The spectrum of the hnearized operator 

Here we study the spectrum of the linearized operator associated with Equation (|1.2p around a stationary 
state S{U). Let us recall 

H{U) = H + d^F{S{U)) - E{U) 

where d^F is the differential of VF. The operator H{U) is R— linear but not C— linear. Replac- 
ing L^(]R^,C^) by L^(R'^,R'' x R'') with the inner product obtained by taking the real part of the inner 
product of L^(M^,C''), we obtain a symmetric operator. We then complexify this real Hilbert space and 
obtain L^(R'^,C'* x C^) with its canonical hermitian product. This process transforms the operator — i 
into 

Idc 

-Idc4 



J = 

For (p £ L'^{R^,R'^ x M"*) C L'^{R^, x C"*), we still write cf) instead of 



The extension of H{U) to L^(R'^, C"' x C*) is also written H{U) and is now a real operator. The extension 
of K (see (|1.3p ) is also written K. 

The linearized operator associated with Equation (|1.2p around the stationary state S{U) is given 
by JH{U). We shall now study its spectrum. 

Differentiating (|1.4p . we have that for U = (mi, 1*2) G ^ 



C Q Q Q Q 

Ho(ui,U2) = Span<^ — — 5(mi,M2), -^^^^(wi, M2), — — S'(ui, ^2), -^^S{ui,U2) 

y OUUi OXSUi OUU2 OXSU2 

is invariant under the action of JH{U). Differentiating the gauge invariance property for S, we notice 
that JS{U) S TioiU), differentiating the gauge invariance property for F, we also obtain 

JH{U)JS{U) = 

and differentiating (|1.4p . we obtain for any /3 G N'' with \(3\ — 1: 

JH{U)d^S{U) = {d^E){U)JS{U). 

The space T-lo{U) is contained in the geometric null space of JH{U), in fact it is exactly the geometric 
null space as proved in the sequel. 

Now we state our results on the spectrum of JH[U). The first deals with the excited states part, we 
have the 
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Proposition 2.1. If Assumvtions [n\M.5\ hold. Let 

r{U) = Jim (rf2^(5([/))0i,3 ((i/ - Ao) + (Ai - Ao) - ie)"' P,{H)d^F{S{U))^i) 

e>o' 

for any sufficiently small U. Then there exists a map Ei : i?c2(0,e) i— > M with 

i^EiiU) = {Xi-E{U))+0{\U\^) 
\^Ei{U) = l/2r(C/) + 0(|C/|6) 

such that Ei{U), Ei{U), —Ei{U) and ~Ei{U) are double eigenvalues of JH(U) and we have Ei{U) 

Eim). 



For any s G there exist smooth maps k : 3^2 {Q,e) ^ \\ ] f D such that 

k^{U)~{{H-E{U))+\E,{U))-'P,{H)d^F{S{U))^-^ ^^^Id^. + ^^K^ ) (2.1) 

is 0{\U\^) for any cr > 1. For any U = (^1,^2) G 8^2(0, e) 

= M (^^/dc^ + fc±((|C/|,0)) 



and defining for any U = (^1,^2) G B£2{0,s) : 
we have 

• is a basis of the eigenspace associated with Ei{U), 

• |$-|-(?7), i4r$+(C/)| is a basis of the eigenspace associated with Ei{U), 

• {$_([/), if $_([/)} is a basis of the eigenspace associated with —Ei(U), 

• !$_([/), i4'$_(C/)| is a basis of the eigenspace associated with ^Ei(U). 

Moreover for any (3 G N**, s G K+ and p,q (z [1, 00]. There exist 7 > 0, e > and C > such that for 
all U G 5^2(0, e), one has 

\\e^^^^d^<^±{U)\\B;^^<C\\S{U)h, (2.2) 
where d^^ = gfJi sRuiOfe SmOf 1 dtu2df2 a«2 ' 

Proof. For this proof, we use ideas of the proof of [TY02d| [Theorem 2.2]. The equation to solve for 
excited states is: 

{JH{U)- z)(f)^0. (2.3) 

Since the proof is similar for all cases, we restrict the study to U of the form (|[/|, 0) and (dividing by \U\) 
to solutions the form (/) — Si + rj where 5*1 is the normalized eigenvector of JH: 

o _ ^ f <t>l 

and 77 G {Si}""", the orthogonal relation is taken in fact with respect to J (but since J Si = iSi, we can 
take it in the usual way) . For z G C \ iR, we obtain the equation 

77 = {J{H - E{U)) - z)-^ P^W{U) {Si + 77} (2.4) 
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with the orthogonal projector, with respect to J, into {Si} and W{U) — JH{U) — J{H — E{U)). 
We notice that {S*!}"^ is invariant under the action of J{H — E{U)). To solve this equation in 77 for a 
fixed u and z, we notice that if 

Sfiz > and > m, 

the series 

kiU, z) = (J(iJ - E{U)) - z)-i ^ (-VK(C/) (J(i7 - ii;(C/)) - zY^ Pt) ' W{U)Si, 

k>0 



is convergent in L for sufficiently small \U 



and l^zj = 0(|t/p) using the Limiting Absorption Prin- 



(H-z' 



-1 



ciple and the bound of the resolvent 

of (m. 

Then we solve the equation in z. We obtain from Equation (|2.3p the equation 



< ^ in L^. Hence, we have a solution 



{{JH{U) - z) 0, S"!) = with (l) = Si + k{U, z), 

we infer 

z = {JH{U)Si,Si) + {JH{U)k{U,z),Si) 

+ (jH{U) (J{H - E{U)) - z)-' P^ (-W{U) {J{H - E{U)) - z)-' P^^) V(C/)5i, 5i 

A;>0 ^ 

= i{Xi-\o) + {W{U)Si,Si) 

+ E (^1^ (-W^(t^) (JiH - E{U)) ~ z)-' Pi^) V(C/)5i, 5i 

fe>0 ^ 

+ H ( i^i^) + ^) (-^(^ - ^i^)) - -^y^Pt [-W{U) (J{H - E{U)) - z)"'Pi^) V(L/)5i, ^1 

fe>0 \ 

Since P^Si ~ 0, we introduce the function 
f{z)^i{Xi-Xo) + {W{U)Si,Si) 

+ E (^(f^) (^(^ - ^(^)) - {-W{U) {J{H - E{U)) ~ z)-' Pi^y W{U)Si, Si\ . 

k>0 ^ ' 

Since JSi = -iSi, we obtain that 5ft {W{U)Si,Si) = 0, so for z e C \ iM we have 

= n(^W{U){J{H~E{U))~z)-'Pi^W{U)Si,Si) + 0{\U\'^) 

= 3 (^d^FiSiU)) {{H - E{U)) + zJ)"' Pi^d2p(5(?7))5i, + 0{\Uf). 

Then using (II. 5p and 

((i/ - P(C/)) + zJ)-' = i (((H - EiU)) - iz)-' {Ic^ + iJ) + {{H - EiU)) + iz)-^ {Ic-^ - iJ)) , 
we obtain 

3 ISf{S{U)) {{H - E{U)) + zjy^ Pt(fF{S{U))Si, 5i) 



= -3 ^d^P(5([/)) ((if - E(U)) - xz)-' d'P^F{S{U))Si,Si 
+ ^3 (d2p(5(C/)) ((i7 - i;(t/)) + iz)-^ PtdPF{S{U))Si,Si) 

- 3 (d^F{S{U)) {{H - E{U) f + z^y^ zJP^<fF[S{U))Si,Si^ , 
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and so using regularity results of the resolvent of [GM01| [Theorem 1.7], we obtain 

5 (^d^F{S{U)) {{H - E{U)) + (i(Ai - Ao) + 0) J)-^ P,^d^F{S{U))Si, S,) 

= ^3 (^d^F{S{U)) {{H ~ E{U)) + (Ai - Ao) - iO)"' P,{H)d^F{S{U))Si, Si) . 

Using Assumption 1 1.5[ the limiting absorption principle (|l.ip and regularity results of |GM01j [Theorem 
1.7], we obtain 

5R/(z) = l/2r(C/) + 0(|C/|6) 
for z in a ball of radius of order \U\'^ around i (Ai — Aq) and for small U. We also prove by the same way 

3/(z) = (Ai-Ao) + 0(|C/|^) 

for z in a ball of radius of order |C/|^ around i (Ai — Aq) and for small U. 

So we have proved that for sufficiently small U, f leaves a ball around i (Ai — Aq) + 1/2T{U) invariant. 
With the same ideas, we prove that it is a contraction. Therefore, we have a fixed point Ei{U) of each 
U. Then we choose k+{U) = \U\k{U, Ei{U)). Using the complex conjugation, we obtain the eigenvalue 
El {[/) and its associated eigenspace. 

The estimate on (|2.ip is proved usinf \^Ei{U)\ = 0{\U\'^), the Limiting Absorption Principle p.ip 

and the bound of the resolvent {H — z')~^ < |Sz'|~^ in L^. 

Using Weyl's sequences, we prove that the essential spectrum of {JH{U))* — ~H{U)J, for small U, 
is the essential spectrum of —HJ = —JH. So z with non zero real part is in the spectrum of {JH{U))* if 
and only if it is an isolated eigenvalue. Then to obtain —Ei{U) and —Ei(U), we notice that Ei{U) and 
Ei{U) are eigenvalues of {JH{U))* . Using the symmetry : J{JH{U)) = —{JH{U))*J, we show that any 
eigenvector (f) of {JH{U))* associated with A, Jcj) is an eigenvector of JH{U) associated with —A. Hence 
repeating the previous proof for (JH{U))* , we obtain fc_. 

The exponential decay works like in Lemma ll.ll □ 



Remark 2.1. // F{z) is homogeneous of order p then there exist e,ri,r2 > such that for all U G 

lUf'^Ti < r{U) < \uf-^T2. 

We just write M2)) = Mi<?!>o + U2K(j)Q + h{{ui, U2)), expand T{U) and use Assumvtion \1.5\ with the 

regularity results of the resolvente from \GMO If [Theorem 1.7]. 
This gives 

is 0{\U\'^-P) in B{Ll^) for any a G R+. 

The following proposition deals with the essential spectrum of our linearized operator. 
Proposition 2.2. If Assumvtions \l.l[\1.5\ hold. For any sufficiently small non zero U G C^, let 

HiiU) = span {$+([/), if $+([/), ¥7(c7), A^^TM, <^>-{U), K<i>^{U),¥^U), K^I{U)} . 

The orthogonal space ofTi.o{U) © Ti.i(U) with respect to the product associated to J 

ndU) ^ {HoiU) (STiiiU)}^' 

is invariant under the action of JH{U). 

We also have forFc{U), the orthogonal projector ontoJidU) with respect to J, andforU' G B0i{U,£), 
with sufficiently small e > 0, that 

Pc(C/)|„^(^,) :Hc((7')^H.(C/) 

is an isomorphism and is a bounded operator from H^{R^,C^) or B^^y{R^,C^) to itself for any reals 
s, cr G K and p,q £ [1, 00], the inverse R{U' , U) is continuous with respect to U and U' for these norms. 
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Moreover, there exists C > such that we have 



C\\P.{U)^\\x, (2.5) 
VV- G HciU) with X = i^^(R^ C*) or B;,,(M^ C^), 
Vs,(T e R,Vp,g e [l,oo], 

CIIV-II^, V^A e L^^ Vcr > 1, (2.6) 
C||?M|2, yt e M, VV' e i^ (2.7) 

and Ti.c(U) contains no eigenvector. 

Remark 2.2. We use the same notation for Ti.c{U) and its real part which appears in our main theorems. 
We just notice that TLc{U) appears when we discuss spectral properties in our proof. Then when we talk 
about dynamical properties, we deal with its real part. We remind that the real part of TLc{U) is left 
invariant by JH{U). 

Proof. We prove that there is no other eigenvector, by proving that smoothness estimate ()2.6p takes place 
over 

ndU) = {HoiU) (SHiiU)}^' . 

First we prove that 

Pc((c^)) ^^c(;7')-7^c(c/) 

is an isomorphism. To prove it, we exhibit an inverse R{U' , U) which is the projector onto TidU') associ- 
ated with the decomposition Ho(f/)®Hi(C/)®Hc(?7') ofL'^(R^, C^). Indeed we have {HoiU) niiU)}n 
Hc{U') = {0} when U' and U are close one to each other and codimHc{U') ~ dimHo{U) (BHiiU), hence 
we have a decomposition of L^(]R^, C*) into closed subspaces hence the associated projectors are contin- 
uous. So R{U', U) should be of the form 

RiJJ', U)=Id + Y, \JUU)) (a,(C/', U)\ 

i 

where ^i{U) is a basis of the eigenspaces of JH{U) and {ai{U' , U))i solve the equations 

J^jiU') + JCj{U')) a,{U', U) = 0. 

i 

Such a exists because the matrix {{J£^i{U), J£,j{U')))- j is a Gramm matrix when U — U' and otherwise 
a small perturbation of such matrices for U and U' close one to each other and hence is invertible. 

The boundedness of R in B{H^^{M?X^)) or ^(B^ ,^(R3^ C*)) follows from the exponential decay of 
eigenvectors and their derivatives, the continuity of R follows from the continuity of the eigenvector with 
respect to the parameters U or U' see Proposition ll.il Lemma Fl. II and Proposition [2lTJ 

Let us now consider the orthogonal projector Pc on associated with the continuous subspace of JH . 
Since the eigenvector of JH are exponentially decaying, we can extend Pc to obtain an operator of 
into itself. The same is true for Pc{U) and hence we can consider the extension of HdU) to L^.^. We 
stih call it HciU). For all V e HdU) : 

Since 1 — Pc is the projector into the eigenspaces of H and ip is orthogonal to the eigenvectors of JH{U), 
we obtain that there exists c > such that 

m-Pc)^\\Li^<<=\u\\mLi^- 

Indeed, using Proposition [Til we obtain a c' > such that for sufficiently small non zero U, we have 



Mx < 

J ||(Q)^"e^^^^^'Pc(t/)^ir rfs < 
ndJHiu)pmu\\ < 



< 



\U\ 



c'\u\M 
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Hence since V' is orthogonal to <&+([/) and <i>_(t/), we obtain that the projection of ip in the second 
eigenspace of H is small, since they are invariant under the action of J. Using Proposition ll.il we obtain 
the same thing for the first one. 

Hence for a sufficiently small non zero U, we obtain Estimate (|2.5p for X — with a > 0. The rest 
of Estimate (12. 5p follows by the same way using the exponential decay of eigenvectors (Estimate p.2p 
and Lemma [TTT|) . We infer 

||(Q)-V''«(^)P,(C/)^|| 

< C||(Q)--P,e*^^(^)p,(C/)V|l 

< qi(Q)-^Pce-"(^-^(^»p,(c/)v;|| 

+C||(Q>"" / P,e-'(*-*)(^-^(^»i?Vi^(5(C/))p/^^(^)p,([/)7/.ds|l 
Jo 

Using estimate Q and of Theorem ll.il we obtain the estimate (|2.6p for sufficiently small J7: 

/ ||(Q)-"e-^-'^(^)Pc(f/)^|P < C\m'. 

JR 

Hence there is no eigenvector in the range of Pc{U). Using the inequalities p.6p . the conservation law 
for H and Duhamel's formula : 

^JtHiU) ^ ^~it(H-E(U)) _^ [\-Kt-s)(H-E(U)) j^2yp^g^jj^ysH(U) 

Jo 

we prove the estimate (|2.7p . □ 



Since is closed and codim?^c(J/) = dim{Ho(C/) &ndnc{U)n{no{U) {0}, 
we obtain HoiU) ® Hi(C/) © HdU) = i^^j^s^ ^8) ^^^^ ^^le 

Proposition 2.3. Suppose that Assumvtions \n]\1.5\ hold. Then the space 'Ho{U) is the geometric null 
space of JH{U). 



2.2 Stable, unstable and center manifold 

We can now obtain results similar to those of Bates and Jones [BJ89] . We notice that we won't prove that 
the Cauchy problem (|1.2p is locally wellposed for initial condition outside some manifolds (built below). 
In fact it can be proved with the methods we present here or by generalizing to our case the results of 
and Vega [EV97] . 

We have that JH{U) as an operator in L^(M'^, M*) is a closed densely defined operator that generates 
a continuous semigroup on L^(M^,M^). The spectrum of JH{U) in L^(M'^,R^) is the same as JH(U) in 
i^(R'^,C^) and so it splits in three parts: 

asiU) ={A e a{JH{u)), ^\ < 0} = [-EiiU), -E^} 
aaiU) ={X e a{JH{u)), 5RA = 0} = i{R\ {-E{U), E{U))} 
au{U) - {A e a{JH{u)), SRA > 0} = [Ei{U),'K{JJ)} 
each one is associated with a spectral real subspace, respectively 

Xs{U) = spang {3fi$_(C/),3$_(t/),X5R$_(t/),ii:3$_(t/)} 
X^{U) - spang {m+{U), 5$+(C/), if 3fi$+(C/), if3$+([/)} 

Xc{u) = mLo{u) ® mic{u) 

where we used the notation = (1/2) (* + and 3* = -(i/2) and SRX = e X}, 

the real part of the space X. The spaces Xs{U) and Xu{U) are finite dimensional. Let us write 7r^(?7), 
7r'*(C/) and tt^{U) for the projector associated with the decomposition Xc{U) © Xs{U) © Xu{U). Since 
the eigenvectors belongs also to for any a € R, the projector Pc{U) and Tf'^{U) can be defined in 
for any real a. We can extend, by this way, the spaces HdU) and Xc{U) to for any a G R. We have 
the 
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Lemma 2.1. If Assumvtions \ 1 . 1\\ 1 . 5\ hold. Then any cr g M, there exist r,Ci,C2 > such that for all 
< S ffi., we have 

Cie-^(^)*< e'^'^^^K^iU) <C2e-^(^)*, (2.8) 

C^e'^(.u)t^ ^tjH(u)^u^^^ <C2e'<(U)t (3.9) 

B(Ll) 

J.JHiU)^c(^jj^ <C2{ty, (2.10) 

where -f{U) = ^Ei{U). 

Proof. The statements for the spaces X^iU) and X"{U) follows from (E^)- 

The statement about X'^{U) is a little more complicate. We notice that we are not looking for an 
optimal r. 

First, the result for e-"(^-+^) in Ll with a € 2N follows from |Tha92l Theorem 8.5] (see also 
Proposition 13.11 below) , which is based on the charge conservation. The case cr € M follows by duality 
and interpolation. 

Then for e^'^^^^'^iT'^{U), we use Duhamel's formula : 



then the assertion for e*'^-'^^^\'^{U) follows from the assertion for e 'H^'m+v)^ ^j^g charge conservation of 
e""^^'>PciU) (see the fact that e""^^'>SiU) = S{U), e^'^"^^'^ d^S{U) = d^S{U) +td^E{U)S{JJ) 

and Lemma ll. II □ 

By now we do not restrict our study to the space L^(]R^, R^), we extend it to Lij^iM? , R*) for any a G K, 
hut we still write HdU) and Xc{U) for the extensions of these spaces to L^(R'^,R*) for any a e M. 
We now study the behavior of the solutions in L^. of (11. 2|) centered around S{U): 

dt(})^ JH{U)(f) + JN{U,(t)) (2.11) 

where H{U) ^ H + d^F{S{U)) - E{U) and N{U, (f)) = VF{S{U) + 0) - VF{S{U)) - d^F{S{U))(j) and 
d^F is the differential of VF. 

In this subsection, we study a modified equation which coincides with (|2.1ip as long as the solution 
stays in a neigborhood of a small S{U): 

dt(j) = JH{U)(j} + JN,{U,(j)) (2.12) 

where N^{U,ri) = p{s^^r])N{U,7]) and p is a smooth function with compact support around 0. 

We state the 

Proposition 2.4 (Center-Stable Manifold). If Assumvtions [n\M . 5\ hold. Then for any sufficiently small 
non zero U , there exists around S(U) a unique invariant smooth center-stable manifold W'^''(U) for (j2.12p 
build as a graph with value in Xu{U) and tangent to S{U) + Xc{U) © Xs(U) at S{U). 

Any solution ip ^ L'^ of ()2.12p initially in the neighborhood of S{U) tends as t ~* —00 to W'^^{U) with 



distL2 {(t){t),W'''{U)) = 0(e^*) as t 



-00 



for any 7 S (0,j{U)), any s,(T G R and for any sufficiently small neighborhood V of S{U) any solution 
in V not in W'^'^{U) leaves V in finite positive time. 

Remark 2.3. For any s e R+ , due to the exponential decay of eigenvectors, even if 4> ^ H^, there exists 
ijj e W^^{U) such that (j) ~ ^ and we have 

distH^Wt), W'iU)) = 0(e^*) as t^ -00 

as shown in the following proof. 

If we only consider small solutions, we obtain a locally invariant manifold for the equation ()2.1ip . 
that is to say that for any initial condition in the manifold there exist a corresponding solution of (j2.1ip 
which stays in this manifold in a small interval of time around 0. We notice that in the following proofs 
the size of this invariant manifold, which is given by s, is a function of U and this function is 0{'~f{U)). 
By now, we call this function r. 
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Proof. Our proof is an adaptation of the one of Bressan [Bre] and we refer to it for more details. We 
make the proof only for the case a — 0, the proof in the general case is similar. 

First we prove that there is a global solution of the equation (|2.12[) which do not grow much as 
t — > +00. We look for solution as a fixed point: 

for any yo £ Xs{U) (B Xc{U) where for smaU positive e 

Geiyo^vm - e''"(''^yo + /*e(*-^)-'^(^)^^((7)JiV,(C/,77(s)) ds 

Jo 

ft r + co 

Jo Jt 

with TT*{U) the projector into X*{U) with respect to the decomposition ®*g{c,s,M}-'^*(t^)- 
Let us introduce for 'y{U) = 5R£'i(C/) and any F smaller than 7(C/), the space 

Yr = {y -.M.^ L^im.^X'^), 3C > 0, \\y{t)\\2 < Ce^'*', Vt e m} . 

For sufficiently small e > 0, the map Qe{yo, •) leaves Yr invariant and is continuous for the norm 

iVr :y^supf||y(t)||2e-^l*l|. 

Moreover, it is a strict contraction for sufficiently small U and e > 0. Actually we choose e as a function 
of F which is 0(F). In fact since Yp C Yp' for F < F', we obtain that e as a function of J7 is a 0(j(U)). 
This proves the existence of the fixed point y. 

Then we fix h^(yo) = y{0) — yo- The invariance of the graph of by the flow of Equation (|2.12|) is 
immediate. 

Now we prove the smoothness property. We have NgiU, rf) is I times differentiable in rj from Ypi to Yr 
if {I + 1)F' < F and Ge is I times differentiable from Xc{U) © Xs{U) x Yr" to Yr if 21V" < F (see [Bre] ). 
We introduce the family (77„)„gN satisfying 

7/0 = and 7]n+i ^ Geiyo, 

This sequence converge to y (the fixed point) in Yr. Moreover, as functions of j/q, the convergence is 
uniform in Yr (endowed with the norm A^r) on bounded sets of Xs{U) © Xc{U). 

We want to prove that the sequence of their derivatives of order k with respect to rj also converges 
in Yr on bounded sets for any F < ^{U). We prove it by induction in k. So suppose that (9^77„)„gN is 
converging in Yr for all j < k and any F < j{U). Then we have that (see [Brej ) 

drjn ^ dg^{yo,rin^i) = L + M {drjN^{U,r]n-i)d7jni) 

= d''g,iyo,Vn-l) = M {d^N,iU,7^n-l)d%,-l + ^kiVn-l, ■ ■ . ,9'^-^n-i)) , Vfc > 2 

with L = e*"'^(^) and 

ft f+OO 

iMr]){t) = - e^*-'^-'"^^K'''{U)jT^is) ds+ e'^*''^J"^^K''{U)jT]{s) ds 

Jo Jt 

and ^ffe a smooth function of k parameter. Hence since M o djjN^{U, j/n-i) is a strict contraction in Yr 
for sufficiently small e and U (once more e is a 0{'y{U))), this proves the convergence of the sequence of 
fc-th derivatives in Yr on bounded sets for any F < ^{17). Hence the sequences of derivatives of (?7„)„gN 
in Yr on bounded sets for any F < jiU). This gives the differentiability at any order of y{0) = h{yf)). 
This also gives, since N{U,r]) = 0(|?7p) around zero, that h{yo) = 0(|yoP) around zero. 

Now we want prove that W'^''{U) is attractive in negative time. In fact VF^*([/) is the graph of a 
smooth function h : 1-^ X'^{U). Let r] be such that S{U) + 77 is a solution of l\l.'2\i . we have 

dtTj = JH{U)j] + JN.iU,!]). 
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ri = y + r = y + h{y) + z 
with y = 'n'^^{U)rj and we have the following equation for z E X'^{U) 

dtz = JH{U)z + M{U,y,z) 

where 

M{U, y, z) = ^"([/) {JN,{U, 77) - JN,{U, y + h{y))} - Dh{y)n-'{U) {JN,{U, 77) - JN,{U, y + h{y))} . 
Using Duhamel's formula, we obtain 



z{t) = e""^^h{{))+ / e(*-"'^^(^)M(t/,2/(s),z(s)) ds. 

We obtain since z g 

<e^(^)*||z(0)||+C / e(*-")^(^' ||M([/,y(s),z(s))|| ds 
Jo 

and so for 7 £ {0,j{U)) 

e-^*||z(t)||< 11^(0)11 sup {e-^^||^(s)||}+o( sup {e"^^ 

s(E[0,t] siE[0,t] 

where C do not depend of U and z. Hence if z(0) and U are small, we have that there exists c > 
such that \\z(t)\\ < ce^* for all t < 0. We notice that since X"(JJ) C for any s G M+ and is finite 
dimensional (see Lemma [2TT|) . the time decay in gives also a time decay in for any s € R"*". 

Now choose a sufficiently small neighborhood of and 4> a solution of (I2.12p initially in V but not 
in W'^''{U). Suppose it stays in V in positive time. We obtain that (p EYp. We have 

cj){t) = e"^(^) {tt%U) + TT^iU)) 0(0) 

+ / e-'-^"^^K%U)JNe{U,(l){s)) ds + f e-'''"'^^\^{U)JNe{U,(t>{s)) ds 
Jo Jo 

^^tjH{u)^u^jj^ f^"(L/)0(O) + r e-'^"^^^Ti'^{U)JN,{U,^{s)) ds 



with 



Hence we obtain with (j2.9p . that (j}{t) exponentially tends to infinity in norm. This is a contradiction so 
4> leaves V in finite time. □ 

Then reversing the time direction that is to say replacing H by ~H and F by —F, we obtain with 
this theorem a locally invariant center unstable manifold with the corresponding properties: 

Proposition 2.5 (Center-Unstable Manifold). If Assumptions 07714-?. 51 hold. Then for any sufficiently 
small nan zero U , there exists around S{U) a unique smooth invariant center unstable manifold VF™([/) 
for (|2.12p . build as a graph with value in Xs{U) and tangent to S{U) + Xc{U) Xu{U) at S{U). 

Any solution (j) E L"^ of (j2.12p initially in the neighborhood of S{U) tends as t +00 to VF™(C/) 
with for any s G 

distH^^{(t>{t), M^™(C/)) = 0(e"'^*) as t^ +00 

and for 7 € (0, ^{U)), any s, cr € M and for any V sufficiently small neighborhood of S{U) any solution 
in V not in W^^lU) leaves V in finite negative time. 

We can build by the same way a center manifold which is the intersection of the previous: 



-'■^"^^\''{U)JN,{U,^{s)) ds. 



7r"(t/)</.(0) + / e-''^"^^\''{U)JN,{U,(f>{s))ds^O. 
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Proposition 2.6 (Center Manifold). If Assumvtions \ 1 . lU 1 . 5\ hold. Then for any sufficiently small non 
zero U , there exists around S(U) a unique smooth invariant center manifold WiU) for (j2.12p . build as 
a graph with value in Xs{U) Xu{U) and tangent to S(U) + Xc{U) at S{U). 

Moreover, we have W'^{U) = W'^'^{U) n W'^'^{U) and W'^{U) contains the part of the PLS manifold 
which is in a small neighborhood of S{U). 

Proof. We build the center manifold with the same method as in the previous cases. We can also build a 
center-unstable manifold inside center-stable manifold. More precisely, let hfj : Xc{U)(BXs{U) i~> Xu{U) 
be the map defining center-stable manifold and h]j : Xc{U) ® ^ Xs{U) be the map defining 

center-unstable manifold. A solution y — S{U) + He + Us + Vu with e X^,{U) for * G {c, s, u} is in the 
center-stable manifold if yu = h^{yc, ys)- Hence to obtain a center-unstable manifold inside center-stable 
manifold one has to solve, for each yc, the equation 

Vs = h'^{yc,hfj{yc,ys)), 

which can be solve inside a small ball for small yc and small U by means of the fixed point theorem, since 
hlj{yc, z) is a 0(|?/cP + \z\^) around zero for * g {s, u}. 

By the same way, we can also build a center-stable manifold inside the center-unstable manifold. 

Using the uniqueness of the center manifold, we obtain that this two manifolds are equal to the center 
manifold and wlu) = W^iU) fl M^^"(C7). 

Then any stationary states in a small neighborhood of S{U) converges to W^^{U) and VF™(C/) using 
the stabilization results of the Proposition 12.41 and Proposition 12.51 Hence, we have that it belongs to 
VF=*(t7) n W^™(C/) = W^=(C/). □ 

In the two following sections, we study the dynamic respectively inside and outside the center manifold. 

3 The dynamic inside the center manifold 

In this section, we prove that the dynamic inside the center manifold around S'(Vo), for small non zero 
Vb, relaxes towards the PLS manifold. To this end, we use Theorem II .11 and Theorem 11.21 about the time 
decay of the propagator associated with H. 

3.1 Decomposition of the system 

Like in 'B ou06| . we decompose a solution g VF^(Vb) of the equation (II. 2p with respect to the spectrum 
of JH{U), with U specified in the sequel, and we study the equations for these different parts of the 
decomposition. We introduce 




In fact, we have 

n^-'{u) = niiu)®nc{u) 

which is invariant under the action of JH{U). We recall that Ti.i{U) is defined in Proposition 12.11 and 
HciU) in Proposition O We have the 

Lemma 3.1. // Assumptions \n\\l .4\ hold. Let s, cr e R there exist e,e' > such that for the manifold 

S = {([/, 77), UeBc^iO,e'), rien^'iU)} 
endowed with the metric of€? x and any function (j) e i?^fs(0, e), there exist a unique {U,ri) e S with 

(j>^s{u) + 'n. 

Moreover, there exists a neighborhood O of (0,0) G S such that the mapping (f) 1— s- {U,ri) Cz O is smooth. 
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Proof. The prove that S is manifold, we use Proposition 12.21 which gives that it is locally isomorph to 
some open subset of x He endowed with the metric of x H^. Then this is a consequence of the 
inverse function theorem like in [GNT04i Lemma 2.3]. □ 

For any solution (/) of (|1.2p on an interval of time / containing 0, we write for t Cz I 

cj){t) = e-'^o E{u{s))ds ^s{U[t)) + f^[t)) . 
where r]{t) G TLq'' {U{t)) and we want to solve the equation 



idtT] = {H - E{U)}7^ + {\JF{S{U)+T^)-\JF{S(U))}-idS(U)U 
= {H + (fF{S{U)) - E{IJ)) T] + N{U, ri) - idS{U)U 



(3.1) 



for r]{t) e HQ-'{U{t)). Here £F is the differential of \/F and dS the differential of S in M^. To close the 
system, we need the equation for U. This follows from the condition 

{Tj{t),jds{um^o. 

After a time derivation (like in |Bou06] ). we obtain the equation: 

U{t) = -AiUit),f^mNiUit),r^it)),dSiUm. 

where 

A{U,r]) = [{JdSiU),dS{U)) - {J-q^d^ S{U))]-^ 

the matrix [{J dS {U {t)) , dS {U {t))) - {J'q{t),d'^ S{U{t)))] is invertible for small \U{t)\ and \\r]{t)\\2 since 
we have 

[{JdS{U{t)),dS{Um - {Mt),d^S{Um] = ) +0(|C/(i)| + ||r;(i)||2). 

Lemma 3.2. For any s,s',(T £ R, any p,q e [l,oo], any Vq G \ {0} sufficiently small there exist 
e,e' > 0, such that for the manifold 

SiVo,e) = {{U,zy, U e Bc2{Vo,e),zenc{U)nB^^,{0,s')y 

endowed with the metric o/C^ x , there exists a unique map g : S{Vo,e) B'p g{m.^,C^) which is smooth 
and satisfies for all {U,z) G S{Vo,e), g{U,z) € Hi(J7), z + g{U,z) e n^'iV), and S{U) + z + g{U,z) e 
WiVo). Moreover, we have \\g(U, z)\\r., = 0(||z||L')- 

Proof. The fact that 5(Vb,e) is manifold here is proved like in Lemma [3. II 

Then if h'^ is the function for which VF'^(Vo) is the graph. Any cj) G L'^{R^,M.^) can be written in the 
form S{Vo) + If ■ DS{Vo) +^ + p with p e 'Hi{Vo) and £, e HdVo). It can be also written in the form 
S{U) + z + r with r G HiiU) and z G Hc{U). These two decompositions in fact defines two bijective 
smooth maps in sufficiently small sets (for the first we have a linear decomposition, for the second see 
Lemma [O]) . We write for the first and <I> for the second. Then / = vj/o <I>^^ has 3 components following 
the decomposition Ho{Vo) ® Hi(Vo) ® Hc(Vb), we write them (/i, /2, /s). Then g is the solution of the 
implicit equation in r 

FiU, z, r) = /2(C/, z, r) - /^^(/i(t/, z, r), /3(C/, z, r)) = 

which can be solved by the implicit function theorem in since drF{Vo, 0, 0) is invertible from 7ii(Vb) 
to itself because 9r/2(Vb,0,0) (/2(Vb,r, 0) = r) is invertible from Tii{Vo) to itself and Dhc{0,0) — 0. 

The smoothness of g in the Besov spaces follows from the fact that g{U, z) e 'Hi{U) and the exponential 
decay for excited states and their derivatives given by (|2.2p . 

Then we notice that for any U close to Vq, the previous proof can be applied to W'^{U). It shows that 
W'^{U), W'^{Vo) are in a neighborhood of S{Vo) the graph of a two functions on S{Vo,s) equal up to a 
translation in of the first argument. Hence their graphs are equal, so locally W'^{U) — W'^{Vo). The 
last assertion then follows from the fact that at S{U), W^iU) is tangent to S{U) + X^([/) and X'^{U) is 
orthogonal to 'Hi{U). □ 
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Hence decomposing rj with respect to the spectrum of JH{U), we write 

fj{t)^g{U{t),z{t)) + z{t) 
with z e HciU) n L2(]R3^]g8)^ -y^g obtain the system 

'U = -A{U,7^){N{U,7^),dS{U)) 
dtz = JH{U)z + Pc{U)JN{U, ri) 

+V,{U{v))dS{U{v))A{U{v),ri{v)){N{U{v), r^{v)),dS{U{v))) + {dP,{U))A{U, rj){NiU, v),dSiU))r^ 

with 

v{t)^z{t)+g{U{t),z{t)). 

We notice that this equation is defined only for z smaU with real values and U smah . We now study this 
system. 

3.2 The stabilization towards the PLS manifold 

We now show that any solution of (|1.2p which belongs to the center manifold W^(Vo), for a small non 
zero Vb, stabilizes as i — > ±00 towards the manifold of the stationary states inside VF'^(Vb). To this end, 
we will use Theorem 11.11 and Theorem 11.21 to prove that z tends to zero in some sense. 
Let us define for any e, S > 

U{e,S) ^{Ue C\R,Bc2{Vo,e)), ||t7|Ui(R)nL-(K) < 5'} 

and for any U £ U{e, S), let s, (3 be such that s' > /? + 2 > 2 and a > 3/2, 



Z{U, 6) = ize C(R, L\W, R«)), z{t) e nc{U{t)) 



max 



\\z\\l'^{V^,H=)i \\A\L^(V,,HtJ^ ll^ll L2(E,B^ ^) 



and e, 5 are small enough to ensure that for U EU{e, S) and z e Z{U, S) 

S{U) + z + g{U, z) e W'{V^) n Bhs (^(Vb), r(K))), 



where g is defined by Lemma 13.21 and r in Remark l2.3l It will appear later that 5 is of the same order as 
||zo|Ih= (^^^ Lemma |3^ below). 

3.2.1 some useful lemma 

In the rest of our study, we will need some technical lemmas, which we collect here. 

Lemma 3.3. If Assumptions ] hold. Let a^cr' G M, s > 1 and p,pi,pi,p2, q € [1,cxd] such that 

1 s 1 1 1 
- + ->- + ->-. 

p 3 pi P2 p 

and 

I s I 

- + o > 
p 3 pi 



Then there exist e > and C > such that for all U G i?c(0, e) and rj e Bf^ 



^) with 



and {QY r)€ B^ 



we have 



\\{QYN{U,i^)\\s. <C(s,i^,|C/| + ||77||^„)|[/|h||^^ {QYr^ 



+ c(s,F,\U\ + M^^^g. )MI^\\{QY^i\\b' ■ (3.2) 
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Proof. We recall the definition 

N{U, T]) = VF{S{U) +7])- VF{S{U)) - d'^F{S{U))r]. 

We have 

N{U, 7?) = / / d^F{S{U) + e'erj) ■r]-er] dO'dO, 
Jq Jo 



N{U, ri) = \d^F{S{U)) ■r]-r]+ [ [ d'^F{S{U) + 0"0'9ri) ■ O'e-q ■ r/ ■ dr/ dd"d0'd0, 
2 Jo Jo 

Then we use for s e M^, p, pi, p2, e [1, oo] such that i + f>^ + ^>i, 

lluullsa < C||w||Ba \\v\\b^ , 

II II p g II II p;^,gll II P2'9 

and for s > 1 , we use |EV971 Proposition 2.1] 

\\d''FmB^^^^<c{s,F,u\\L^)\mB;^^^, 

for k — 3 OT k — A and d'^F{z) = 0{\z\), otherwise we decompose d'^F{z) = A -\- 0{\z\) where A is a 
constant operator. 

Eventually using Lemma 11.11 and 

PI .9 



for Z G N, we conclude the proof. 



□ 



Lemma 3.4. If Assumptions [n\\1.4\ hold. Let a e M. s > 1, p,pi,P2,q G [l,oo] and ai,a2 G K such 
that 

1 s 1 1 1 
- + ->- + ->-. 

p 3 pi P2 p 

Then there exist e > and C > such that for all U G Bc(0, e) and rj e B^^g(R^,R^) n ^""(K^, M^) with 
{QY^ri £ g(M^K*^) and {QY^rj e B'^,^^^{R^,R^), we have 



||< g {VF{S{U) + ry) - VF{S{U) - VF(r/))|| 



< 



C{s,F,\U\ + M^^)(\U\ + \\<Q>"^v\\s. )\U\\\<Q>''^V\\^. . 

\ PI. 9/ P2.9 

Proof. The proof is similar to the one of Lemma 13.31 □ 



Lemma 3.5. If Assumvtions ] 1 . .4\ hold. Let ct G M, s > 1 andp,q G [l,oo] such that sp > 3. Then 
there exist e > and C > such that for all U, U' G i?c2 (0, e) and r/, 77' G Bp ^(R^, R®), we have 

\\{Qr{N{U,rj)-NiU',v')}\\^. < C (s, F,\U\ + \U'\ + M^. +\W\\b^)x 

X I + UQrv'WBs^^y {\u - u'\ + \\{Qr iv - ^oii^j 



+ (\u\ + \u'\ + \\{Qr'^v\\ +^^^'^'^3^ ) 

V p,q p,g/ 



with 2(71 +0-2 =o-i +cr2 +0-3 = ^ */< Q Q V' e B'p q{M.^,R^) for w {ai, CT2, ^i, cr^, d^j}. 
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Proof. Using the identity 

f 1 /•! 



N{u,r])^ / (fiF{S{u)+9'9f])-r]-9'nd9'd9. 
Jo Jo 

we can restrict the study to d^F{(l>) — d^F{(p'). If F = 0{\z\^), we have 

II (Q)- - d'Fid^')) IIb^ , < /' ||d^F(0 + tid^ - JI(Q>"('/' - , dt. 

Jo 

Then since s > 1 and sp > 3, we use 

\\d'FmBs^^<c{s,F,\mB;j. 

Using Lemma [TTTl we conclude the proof when F — 0(|z|^). 

Otherwise, if F is an homogeneous polynomial of order 4, the proof is easily adaptable since d*F is a 
constant tensor. 

The case F = 0(|z|'*) follows by summing the two previous one since as a function of u G M®, 
F{u) ^ Au'^^ + Oi\u\'^). □ 



Lemma 3.6. If Assumptions \n\\1.4\ hold. Let cr e M. s e K. and p,q e [l,oo]. Then there exist 
e > 0, M > and C > such that for all U, U' G Bc^{0,e) and rj, ?/ e -Bl2(j{3jjs)(0, M) with 
{QYi^l-i} e one has 

\A{U, V) - A{U', r?')| < C {|[/ - C/'l + II {Q^ - v'}\\b^^^ } ■ (3-3) 

Proof. We recall that 

A{U,ri) = [{JdS{U),dS{U)) - {Jri,d'^S{U))]-\ 

We have 

A{U,T])-A{u',T]') = -[{JdS{U),dS{U)) - {JT],d^S{U))]-'^x 

X {{JdS{U),dS{U)) - {JT],d^S{U)) - {JdS{U'),dS{U')) + {Jt^' ,d^ S{U'))] x 

X [{JdS{U'),dS{U')) - {Jri',(eS{U'))]-^. 

The lemma then follows from Lemma 11.11 □ 
3.2.2 Global wellposedness for z 

Let U e U{e,S) and zq e Hc(C/(0)) n i^^ Let us write f/oo = lim we define Tu,zg{z) by 



Tu,.„{z){t) = e-™/o ^(c^W) d-zo + / e-'^'-^^^+'Z" ^(^^^ *'P,(;7(«)) JVF(7,(«)) rfi; 

Jo 

/■* 

^ / drp^^t^^^)) j|y^(5(f;(^)) ^ _ VF(5(f/(w)) - Vi^(??(w))} dv 

Jo 

+ e-i(t— Eiuir)) drp^^u^y))dS{U{v))A{U{v), r,{v)){N{U{v),T]{v)),dS{U{v))) dv 

_ ^ e-"^'-^^"+'^^^^^^'-^^'^'^idP,{U{v))U{v)r]{v)dv. 



with 

rjit)^zit)+giUit),zit)) 
First, we have a local wellposedness result for z with the 
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Lemma 3.7. // Assumvtions [777)4^.51 hold. Then there exist Eq > and 5q > Q such that for any 
e e (0, Eo); (5 e (0, (5o), U e U{S,e) and zq G Bhs{q.s) r\Hc{U{0)) there are T^{zo,U) > and a solution 



of the equation 



z e nLoC"((-T-(zo, U);+T+{zo, U)), H^-'{0, S)) 

idtz ^ JH{U)z + P,{U)JN{u, rj) - {dP,{U))Uri, 
1 ^(0) = 20, 



(3.4) 



where ri{t) = z{t) + g {U{t), z{t)). 

Moreover, z is unique in L°°{{-T\T),H'') for any T € {0,T+{zo,U)) and T' G (0, T-(zo, t/)) and 
we have if {zq,U) < +oo then 

lim \\z(t)\\rrs > S 



and if T (zo, U) = +oo then 



^_^rn^^^Jzm„. > S. 



Proof. It is a consequence of the fix point theorem appUed to 'Tu,zo' 

Using Lemmas 13.31 13.5l and l3.6l with the Estimate p.Sp - p.IOp and the properties of g given by Lemma 
13.21 we obtain that Tu.zo leaves a small ball in H'^ invariant and is a contraction inside this ball. 

Hence there exists a unique solution defined on the interval [— T, T]. Classical arguments permit to 
extend the solution over a maximal interval {—T^{zo,U),T^{zq,U)) such that if T~^{zo,U) < oo then 
necessarily the solution should leave a small ball in at time T^{zq, U). □ 

We have now a global wellposedness result as stated in the 

Lemma 3.8. If Assumvtions \l.l[\1.5\ hold. There exist Sq > 0, Sq > and C > such that for any 
£ e (0, Eo); 5 G (0, 5o), U £ U{e,S) and zq S Bh={0,S) n Hc{U{0)) we obtain for the Cauchy problem 
([Q]) . T+[u,zo) = +00, T-([/,zo) = +00, z £ Z{U,5) and 



max 



||2||lo=(r^^.), ||z||i2(R^^a^), ||z||^2(R^B/3 ) < C* ||zo||/i-= ■ 



Proof. We have (1 — Pc{U))z = because its time derivative is zero and (I — Pc{U{Q)))z{Q) = 0. 
Let us introduce for any < T < T~^{U, zq), the function 



i(T)= sup fl 

t£(-T,T) ^ 



^\\l^{(-T.T),H') ' \\^\\L'^((~T,T)Mt 



' \\^\\l^{(-t,t),b1^^)\ 



First, we study the estimation of L'^{{—T, T),H'L^) . We use Estimate (|2.5p and the estimates of the 
Theorem B.l. 



\4m{-T,T)Mt,) 

< Co\\zo\\h.+C 



^-iit-v)H+if: E(U{r)) dr^^(JJi^y))J^F{r^{v)) dv 



Lm-T,T),HtJ 



+C \\\7F{S{U) +11)- \/F{S{U) - V^^(77)IL.((.j,,j,),^.) 
+C \\dSiU)AiU, r^){NiU, d^({/)> 



(dP,([/)[/77 



L2((_T,T),ffj) 

We now study the estimation of the third term of the right hand side 



^-i(t-v)H+i!l E(U{r)) dr^^^^{^U{v))JWF{q{v)) dv 







< 



L?((-T,T),_f/lJ 



g-i(t-.)//+i/^' EiU{r)) drp^J>^(^U(^y))J^F{7]{v)) 

< C{U)\\WFm^ 

< C{U)\\ 

V\\ L^{{-T,T),L=°) \\''1\\l°°({-T,T),H^) ' 



Ll({~T,T),Ht^) 



dv 
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where we used Theorem B.l Estmiate (m). Hence for the L^Ht^r estimate, we obtam 

\\^\\L^((-T,T).Ht^) - C'o||zo||/fs + \\''1\\l^({-T,T),L°^)\\''1\\l°°((-T.T),H'') 

)\\u\U\v\\ 

+ C lhllL2((_r_j^)_ioo) + C if ^^\\r]\\L°°{{-T,T),H'} ^ 

using Lemma 13.21 we obtain 

\\4mi-T,T).HtJ ^ ^0 WzoWhs + Cm{Tf + Cm{Tf + Cem{T) + C5^m{T), 
where C depends of ||?7||oq and l=° {{-t t) h=)- 

Then, we estimate the norm. Using Estimate p.Sp . we have 



A(t^v)H+\!lE{U(r)) *-p^(^(„)) X 



xJ{\JF{S{U{v)) + 77(u)) - \JF{S{U{v)) ~ WF{r]{v))} dv\\^. 



-T 
T 



-T 



\\dS{U{v))A{U{v),fj{v))(N{U{v), v{v)), dS{Uiv)))\\ „^ dv 



idP,{U{v))U{v)f]{v) 



dv. 



to estimate the third term of the right hand side, we use the iJ-smoothncss estimates, more precisely 
Theorem B.l Estimate (m) and then we use Lemma B.14: 

nt 

^-i(t~v)H+iSl E(u(r)) *-p^((7(„)) j{vF(5(C/(v)) + r^{v)) - VF{S{U{v))) - VF{ri{v))} dv 



< / e'^"-'^o E{U{r)) dr^^^u{v))J{^F{S{U{v)) + T]{v)) - VF{S{U{v))) - VF{rj{v))} dv 
Jo 

< C UVFiSiU) + r;) - VF{S{U) - VF(r7)||^.((_^^^) 

<c{\\u\\^ + Uv)h °=((-T,T),ff=) L'^((-T,T),HU 
Hence for the L°°H'' estimate, we obtain 

urn M 

^ {\\U\\L^(^(_T,Ty) + II'?(^)IIl~((-T,T), II^IIl°=((-T,T)) Ml^((-T,T)M^_J 



L°°{{-T.T),H' 



using Lemma 13.21 we obtain 

\\z{t)\\H^ < Ikollff. + Cm{Tf + Cm{Tf + Cem{T) + CS^m{T), 
where C depends of and WtjW j^oa (^(^_rp rp-^ f^sy 

For the L^B^ 2 estimate, by Proposition 12.21 and Theorem 11.21 we have for any e > 0, any > 3/e 
and 9e 



ll^ll r 2^^_'r 'r^ r/3 ^ ^ II ^ II r 2^^_t T^ 0/5+ 



L\(-T,T),B^l^^) - \\'-\\L\(-T,T),B';^%) 

+ C \\d^F{S{U)) ■ T]\\p^^^_pp^^^p+2+.+e,^ 

+C\\N{U,iM 

+C\\dS{U)A{U,v){N{U,7j),dS{Um 



-c 



(dP,(C/))J7r; 



Li((-T,T),ff'3 + i+s+ee/2) 



dv. 
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With Lemma [3.31 and we infer 

ll^ll i2(R,s£^ 2) < Co||zo||/j-/3+i+e+ee/2 + C|J7|oo ll'7llL2((-T,T),ff^+=+=+''=) 

+ C{\U\oo + ||7?|lL^((_T,T),ff'3 + i+e+ee/2)) lhllL2((-T,T),L°°) ll^llL^((-T,T),ff'3 + i+e+9e/2) 

+ C'(|C/|oo + ll'?llL^((_T,T),ff'3 + l + e + ''e/2)) 1 1 1 1 /^2 ( ( _ J-) l + s + e^ /2 ^ 1 1 1 1 L°° ( ( ~T,T) l + ^ + ^s /2 ) 

we infer since for small e>0, s>/3 + 2 + e + 9e and using Lemma [3721 

li^llL2((-T,T),Bl ,) < Co||zo||ff3+i+.+«e/2 + Cm(T)3 + Cm{Tf + Cem{T) + C(52m(T). 
Hence we obtain 

m{T) < Co|lzo||^„+i+.+.,/2 + Cem{T) + G5^m{T) + Cm{Tf + Cm,{Tf, 

where Co do not depend of m and C is a nondecreasing function of H^H^oo^^^y ^-j ^s-^ and ||C/||oq and 
hence it can be bounded by a nondecreasing function of m. 

If llzollff" is small then to(0) is small and m(T) stay small. Therefore we have that z G Z{U,5) 
if ||zo||-ff=is small enough for any 5 and e are small enough and 

\'A\l°°(RM-), \\A\L^(VLMt„)^ \\'A\ L^{R,B^ 2) ^ /(ll^oll/fj 

where / is such that there exists C > with 

fi\\zo\\H^)<C\\zo\\Hs. 

□ 

The solution z just found is a function of zq and U, writing it z[zo, U], we have the following important 
property given by the 

Lemma 3.9. If Assumptions \1.1[\1.5\ hold. Then for any T > 0, there exist Eq > 0, > 0, C > 
and K e (0,1) such that for any e € (0,eo), 5 e (0,(5o), U, U' G U{e,5), zq G Hc{U{0)), z'„ e Hc{U'{0)), 
z £ Z{U, 6) and z' G Z{\J\ S), one has 



||z[Zq, U ] z[zo, t^]|lL~((_T;T),H=)nL2((_T;T),L°=)nL2((_T;T),_f/l^) 



< C||Z0 - ZqII^. +Ki 11^- ^'IIl~((-T;T)) 



ij -ij' 



Proof. We use the technics of the previous lemma. □ 
3.2.3 Global wellposedness for IJ and its stabilization 

Here we want to solve the equation for U . We notice that z and a have been built in the previous section 
and are functions of U and zq S 7ic(f^(0)). Let us introduce for any C/q G 5c(0,e) the function on 

fu„iU){t) = Uo ^ I A{U{v),7^{v)){NiU{v),r^{v)),dS{U{v)))dv, 
Jo 

where rj = z{t) + g [U{t), z{t)]. We have the 

Lemma 3.10. If A ssumvtions \1.1\]1.5\ hold. There exist £0 > and 5o > such that for any e G (0,eo); 
5 e (0, (5o),, the function fjj^ maps U{e, S) into itself if Uq and zq G iJ" n HdUo) are small enough. 

Proof. By means of Lemma 13.31 we obtain 

l|5t/c/o(t^)IUHK)nL~(R) < C'll^(^^(«)>^(«))llLi(R,//iJnL-(R,ff=) ^ 

and 

WfuomiL^iM) < \Uo\+C\\NiUiv),r^ivm^,^^,,.^ < \Uo\ + 
hence for sufficiently small Uq and d, we obtain the lemma. □ 
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The function fu^ has also a local Lipshitz property as stated by the 



Lemma 3.11. // A ssumvtions [777] 1 1 . 51 hold. For any T > 0, there exist Sq > 0, Sq > and k S (0, 1) 

such that for any e g (0, Eq); 5 e (0, (5o), U, U' € U{e,S), for any zq £ Hc{U{0)) n H'', for any 
z'q g Ti.c(U' (0)) n H'^ small enough, for Uq, C/q small enough, such that 



u -u' 



Proof. This a straightforward consequence of Lemma 13.51 13.61 and 13.91 
We now obtain the 



Li((-T;T)) 



□ 



Lemma 3.12. // Assumptions [7T7HJ.5I /lo/d. There exists e > and 6 > such that for any Uq G 
small and zq G TiciUo) D small, the equation 



U = -AiU,rj){NiU,rj),dSiU)), 
U{Q) = Uo, 



(3.5) 



where ri{t) ^ z{t) + g [U{t), z{t)], has a unique solution in U {5, e). Moreover, there exists C > such that 

\U±oo-Uo\<C\\zo\\l.. 

Proof. This is also a the fixed point result for fjjg. Let us fix T > and consider, for any V G U{5,e) 
with sufficiently small 6 > and e > 0, the sequence: 

fK+i = /c/o(K), VneN 
\Vo = V; 



for any n G N, Vn € U {5, e) . With Lemma 13.111 the fixed point theorem give us the convergence for the 
norms of L°°((-r, T)) and W^'H{-T,T)) of (K)„6n- 
Then we notice that for any T' e M, we have 

K+iW=//.„(v„)(T')(K)(t-T'). 



Since for T' G {—T;T), (/cfo(Ki)(7")) is a Cauchy sequence, the Lemma [3. Ill give us the convergence of 
(Vn) for the norms of L~((T' -T;T' + T)) and W^'^{(T' -T;T' + T)). 

Iterating this process, we obtain that the sequence converges uniformly locally in time and we prove 
the lemma since the other statements are classical. We just notice that the last statement follow from 
the fact that there exists C > such that 



U{v) 



dv < 



\A{U{v),7j{v)){N{U{v),ij{v)),dS{U{vm dv <C\\zo\\l. 



□ 



3.2.4 The asymptotic profile of z 

In this section, our aim is to precise the asymptotic profile of z when zq is localized. First we state the 

Proposition 3.1. There exists e > 0, such that for all U G i?c2(0,e) and a G there exists C > 
such that 



(Q) 



a JtH(U) 



< 5] (i)'' II (Qr-'^V' 

/3=0 



for any ■0 g 
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Proof. From Proposition [221 we obtain the result for a = 0, then we just need the result the estimate 



0</3<Q 



for any ■0 G L^(R^, C*), a G and some C > independent of ip. The rest of the proposition will follow 
by interpolation. 

For [7 = 0, this follows by an iterated proof from the identity 

at 

where a is the 3-vector of Dirac Pauli matrices defined in the introduction. For U ^ 0, we use the same 
proof with the exponential decay of Proposition 11.11 □ 

We can improve Lemma [3.131 if we use [Bou06[ Theorem 1.2] and |Bou06[ Theorem 1.1], which we 
repeat here : 

Theorem 3.1 (Theorem 1.1 of [Bou06j : Propagation for perturbed Dirac dynamics). Assume that 
Assumvtions \n\ and \T7B hold and let be a > Then one has 



We also have 

Proposition 3.2 (Proposition 2.2 of [Bou06| : Propagation far from thresholds). Suppose that Assump- 
tion \l.l\ holds. Then for any x G C°°(R'^, C^) bounded with support in M. \ (— m; m) and for any cr > 0, 
there is C > such that 

\\e-''"x{H)\\BiLl,Ll^)<C{t)-\ 



Using Duhamel's formula like in Proposition [221 and interpolating with estimate (|2.7|) . we obtain the 

Corollary 3.1. Assume that Assumvtions \l.l\ and UTB hold and let 9 > and a > |0. Then there exists 
£ > 0, such that for all U G B£2 (0, s) one has 



Theorem 3.2 (Theorem 1.1 of [Bou06| : Dispersion for perturbed Dirac dynamics). Assume that At 

:n forp G [1,2], 9 G [0,1], s - s' > ( 

|e-'*^Pe(i/)||5. <C{K{t))i- 



sumptions [7771 and\r^ hold. Then for p G [1, 2], 9 G [0, 1], s - s' > (2 + 6')(| - 1) and q G [1, oo] there 
exists a constant C > such that 



with - + A = 1, and 



K{t) 



\t\-'+"^ z/|i|G(0,l], 

\t\-'-"^ G [l,oo). 

Using, once more Duhamel's formula, the previous theorem and corollarv l3.11 we obtain the 



Corollary 3.2. Assume that Assumptions \1.1\ and \l.S\ hold and let be p G [lj2], 9 G [0,1], s — s' > 
(2 + 9){- — 1), q e [l,oo] and a > max{|, (- — 1)(1 + |)}. Then there exists e > 0, such that for all 
U G Bc^ (0, e) one has 

|ie'^*^(^)Pe(C/)||^.,^.; <C{Kit))i-' 



with - + — 1, and 

p p' ' 



K(t) = 



\t\-'+"^ */|i|G(0,l], 
|t|-^-^/' G [1,(X3). 
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Proof. We first prove it for U = 0. We have to study the high and low energy part in a different manner. 
For the low energy part, we iterate twice Duhamel's formula with respect to Dm in order to use Theorem 
13.11 and Theorem 13.21 for the free case. 

In the high energy part, we use also Duhamel's formula. But, we use Poposition Theorem 13. 21 for the 
free case and Proposition [321 

Then for [/ 7^ 0, we work like for Estimate ([271) ■ □ 

We obtain the 

Lemma 3.13. // Assumptions f777UJ.5l hold. There exist Eq > 0, (5o > and C > such that for any 
£ (z (0, £0); S e (0, (5o), Uq G Bc2{0,e) and zq e i?//s(0, (5) H TidUo) we obtain for the Cauchy problem 
p.4p ( with U the solution of (|3.5p ) a global solution z such that 



max 



sup(|lz(t)|UO, sup((t)3/2||z(t)|U. J, sup(t)3/2|lz(i)IU. ), sup{{t)-'/'\\z{t)\\H^ ) 



<C||zo|Ih= 



Proof. The proof is similar to the one of Lemma 13.81 with some adaptations involving the norm we 
also refer to the proof of [Bou06[ Lemma 5.5]. 
Let 

and 

t ^ V±{t) = e-'/o(S(C/W)-B(C/±^)) dv^(^^y 

We use exactly the same method as the one of Lemma 13. 8[ applied to 

^±(0 = e^*^(^±-)zo + /* e^(*-^)^(^±-)p,(F±(«)) J {d^F{S{V±{v))) - d^ F{S{V±oo))) ^±{v) dv 
Jo 

+ f e^(*-^)^(^±-)p,(V±(v))J7V(F±(w),?7±(w))d?; 
Jo 

\j(t-^)mv±^-)pdV±{v))dSiViv))A{V±{v),fi±{v)){NiV±{v),^^iv)),dS 



g J(t-.)ff (y±„ ) (^dP,{V± {v)))A{V± (v) , i)± {v)){N{V± {v), fi± (v)), dSiV± (^;)))ry± {v) dv, 



with fi±it) = e'^-l'o(.E(u(v))-E{u±^)) dv ^^^^^ g{U(t),z(t))), but using the previous time decay estimates. 
There are two differences: 

One is in the estimate of the PPL^. In fact before using the time decay estimates for e^^*^ Pc{H), we 
split the space associated with the continuous spectrum in two parts : one associated with energy closed 
to the thresholds and one associated to the rest of the spectrum. In the first part, we use the fact that 
> 3/2 to estimate the by the -B^ 2 norm since we work with bounded energies. In the second 
part, since we work far from thresholds, we use Proposition 13.21 after estimating the Htcr by the H^^^^. 

The other difference is in the estimation of the BlL 9 norm. We use Corollary [3J for e'^*^(^±-)zo and 
Theorem 13.21 for the integrals. □ 

We have that lim±oo U = U±oo exist. If zq E then the associated solution U satisfies 

C_ 

w 

and we have ^ 

/ {E{U{v)) - E{U±^) dv ^ as t ^ ±00 

Jo 

for some real E±ac- We introduce 

V±{t) = e-'/o(-E(t/(i'))-B(C/±oo)) dvjj^^-^^ 

they have a limit as i ^ ±cxd respectively as being 



U 



< 77x3 II^oIIh; 



±00 • 
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Then we notice that we can also obtain an asymptotic profile for e'*-^+'*^('^=°)z(i) if zq is localized. But 
we prefer to obtain a scattering result with respect to 6''^*^'^^°°)^. We have the 

Lemma 3.14. If Assumvtions [l.lW1.5\ hold. Then there exist Eq > 0, (5o > such that for any e e (0,eo); 
5 G {0,do), Uo e Bc2{0,e) and zq e Bh^{0,S) n 7ic(t^o) and for the solution z of p.4|) (with U the 
solution of p.Sp ) given in Lemma \3. 7| the following limit 

t—>-:Loo 

exists in . Moreover, we have z±qo G 7ic(V±oo) H and there exists C > such that 

|jg-J/,J(B(t/(.))-B(C/±^)) dv^JtHiV^^) dr^^^ _ ^(^)|,^^,^ 

|jg-J/„'(iJ(C/(.))-iJ(C/±^)) dv^JtHiV^^) dr^^^ _ z{t)\\Ht,, 

\le~Jfo(EiUiv))-EiU^^))dv^JtHiV^^)dr^^^_^(^^^u^ ] . C „2 



2 



and 

Proof. Let 
and 



^^^^ 



Using exactly the same method as the one of Lemma I3.8[ applied to 

g-./tff(v±o.)^^(i) ^ ^0 + r e-^^^(v±o.)p^(y^(„)) J (d2F(5(l-±(i;))) - d^F(5(T/±oo))) e±(«) ^^^^ 

^0 

Jo 

+ f\-''''''^''^-^Pc{V±{v))dS{V{v))A{V±{v),fj±{v)){N{V±{v),fi±{v)),dS{^^^ 



e 




with 77±(t) = e'^-/'n(-^('^("»--^('^±~» '^^ {z{t) + g{U{t),z{t))), we prove that the limits 

lim e-'*«(^±~)^±(t) = z±o, 

t — ^itoo 

exist. If we use the method of Lemma l3.13[ we obtain the estimates on the convergence of eJtH{v±^ ) _ 
^±{t). Then for multiplying by e~''''o (^('^(^))~^('^±°°)) ''■^^ we obtain the estimates and the convergence 
of 

^-Jf:{E(Uiv))~EiU±^)) dv^-Jtmv^^)^^^ _ 

Then since (1 — Pc{U{t))) z{t) ~ 0, we have (1 — Pc{V±oo)) z±oo — and hence z±ao belongs to Hc(V±oo)- 

□ 

4 The dynamic outside the center manifold 

We can make the same study in the center stable manifold and the center unstable manifold but only in 
one direction of time. Let us explain it for the center stable manifold in positive time since it is similar 
for the center unstable manifold. Actually it is equivalent if we revert the time direction. 

We just give a sketch of the proof since it is similar to the previous study. Using the idea of the proof 
of exponential stabilization for Proposition [231 we write any solution tp in the form </> + p + f{(j)^ p) with 
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(j) in the center manifold, p G ^^(Vo) and / a function to be precised but ensuring that we are in the 
center stable manifold. 

Indeed W^iVo) is the graph of a smooth function h'' : XdVo) ^ Xs{Vo) Xu{Vo) and VF"(Vb) is the 
graph of a smooth function /i" : Xc{Vo) ® Xs{Vo) t-^ Xu{Vo). Let i' be such that ip = S{Vo) + v satisfy 
(|1.2|) . we have 

dtv = JH{Vo)v + JN{Vo, 1^). 

V = y + /ic(2/)+/5 + /^"(2/,/i'(2/)+p) 

= 0(y) - S{V^) + (p - ^\V^)}fm + (/^"(y, + p) - ^-{V^)h^{y)) 
= 0(2/)-5(T/o)+p + /(2/,p) 

with y — 7r^(Vb)i^ = 7r'^(Vo) ("0 — 'S'(Vb)) and 0(y) = 5'(Vb) + y + /i'^(y) is in the center manifold and 
p e Xs(Vb). We have the following equation for p 

dtp^JH{Vo)p + M{Vo,y,p) (4.1) 

where 

M{V^,y, p) = ^^(^0) {JN{Va,y + /i^(y) + p + f{y, p)) - J7V(Fo, y + h^iv))} 

- 7:^{Vo)Dh-{y)7r%Vo) {JN{Vo,y + h%y) +p + f{y, p)) - JN{Vo, y + h'{y))} . 

Then we obtain for the equation 

(9t0 = JH(f) + JVF{(j)) + R{(j), p) 

R{^, p) = JVF(0 + P + f{y, p)) - JVF{c^) - JSF{S{Vo))p - M(Fo, 7r^(Fo)(0 - ^(Fq)), p) 

with notice that \R{(l),p)\ < C(||0||^, , ||p||^oo)|p|. 

Working like in[3l we write (j) ~ S{U) + rj with rj = z + g (U, z) and we have the following equations 
for U and z: 

U = -A{U, v){NiU, 7?) - JR{U, 77, p), dSiU)) 

dtz = JH{U)z + Pc{U)JN{U, 77) + Pe{U{v))dS{U{v))A{U{v),iiv)){N{U{v), r]{v)) 

-JR{U, 77, p), dS(U{v))) + {dP,{U))A{U, rj){N{U, 77) - Ji?(C/, 77, p), d5(f/))77 + Pc(C/)i?(C/, 11, p) 

with 

where g is defined by Lemma 13.21 and 

i?(;7,77,p) = i?(5([/) + 77,p) 

These equations are similar to those we have studied but with an extra term coming from R which is 
exponentially decaying in positive time. Indeed, let us introduce for any Tq < and 7 £ (0,7(Vb)) and 
(5 > the set 

7^To,7W = {P e C((ro, +(X3),X,(T/o)), IpWI^. < 5e~^\yt > Tq} , 
we study Equation (j4.ip in 7?.To,7(i5) with small initial condition po. We also define for any e > 

UTa{e,5) = {U ^ C^((To,+Oo),Bc2(Vb,£)), ||f/||Li((To, + oo))nL~((To, + oo)) < 

and for any U e Z^Tq (e), let s, /3 be such that s > + 2 > 2 and ct > 3/2, 
Zt„{U,5) = |zeC((To,+c»),L2(M3^jj8))^ z{t) UdU [t)) , 



max 



< 5 
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and e, S are small enough to ensure that for U GU{e, d) and z € Z{U, 6) 

S{U) + z + g{U,z) e W%V„)nBHs{S{V„),r{V„)). 

For a sufficiently small To, we solve the equation for z first and then the one for p and eventually the 
one for U using the method of Section [3l This gives us the desired exponential decay for p as well as 
similar results for U and z. 

We notice that instead of Lemma we obtain the 

Lemma 4.1. If Assumvtions \l.l\\1.5\ hold. Then for any T > 0, there exist Tq > 0, Sq > 0, Sq > 0, 
C > and k G (0,1) such that for any e G (0,£o); ^ G (0,(5o); U, U' G Z^To(£,'5), P, p' G T^To,i -^o G 
7^c(t/(0)), Zq e 7^c(C/'(0)), z G Zto([/,(5) and z' G Zt^{JJ' ,8), one has 



\\z[Zo, U' ,p] - z[zo, U, P]|lLoc((To,T),H»)nL2((To,T)X°°)nL2((To,T),ffi^) 



{>-[/' 

■■L~((To,T),C2) 

+ ||e^*(p-p')W| 



\Lf{{To.T),X'(Vo)) 

Then for p as a function of U , zq and po (the initial condition for p), we obtain the 



}■ 



Lemma 4.2. If A ssumvtions [7771 1 j . 51 /toM. T/ien /or an?/ T > f/iere exzsi Tq > 0, £o > 0, Sq > 0, C > 
and K G (0, 1) such that for any e G (0,eo), S G (0, i5o), U, U' G Uto{£,^), ro,r'f^ e -^s(Vo) zo e 7ic(?/(0)), 
z'f) G Hc(C/'(0)), z G Zto{U,S) and z' G Zto(C/',5), one has 



< Iko - z^,||^. + K <^ ||C/ - C/'|li„„((^^_y)_c- + 



L°=((To,T),C2) 



+ IIPO -PoIIl2 



We also notice that the proof gives the wellposedness of Equation (|4.ip in TlTa.j{S) with small initial 
condition po and that there exists C > such that the solution p satisfies 

||p(i)|lH'. <C||p±(0)||e-^*,Vt>To. 

The asymptotic behaviour of U and z are obtained like in the previous section when zq is localized. 



5 End of the proof of main theorems 

We notice that the small locally invariant center manifold build in Section [2. 21 for Equation (|2.1ip is now a 
small invariant (globally in time) center manifold. Indeed, we have just proved the stabilization towards 
the PLS manifold, this ensures that a solution in the center manifold will stay inside this manifold in the 
two direction of time. 

Now let us consider CM as being the union of all these small globally invariant center manifolds and 
0. Using the uniqueness of center manifold and Lemma [3.21 we prove that CM \ {0} is a manifold. Now 
we generalize Lemma 13.21 by the 

Lemma 5.1. For any s, s', ct G M andp, q G [1, oo], there exist e > 0, a continuous map r : B^{0, e) i— > 
with r{U) = 0{T{U)) and a continuous map : S ^ CM where 

= {(C/,z); U G Bc2(0,£),z G UciU) n B^j-(0,r(C/))} 

is endowed with the metric of x . 

Moreover Vl/ is bijective from S to an open neigborhood of (0,0) in CM and smooth on S \ {(0,0)}. 
For all U G -Bc2(0,£), there exists C > such that for all z G HdU) n B^.' (0, r(C/)), *(?7, z) G 
Tii{U), z + \I'(J7, z) G "HoiU)-^ , S{U) + z + '^{U,z) G CM. For sufficiently small non zero U, we have 
||^'([/,z)||5, 0{\\z\\%/) for z G H"' such that {U,z) G S. 
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Proof. The proof works like for Lemma [221 The statements for r follow from Remark [ 

□ 

The scattering result follows from a one to one correspondence of the initial profile with the asymptotic 
profile as stated in the 

Proposition 5.1. If Assumvtions \l.l\\1.5\ hold. There exist e > and a continuous map r : B^{0,e) i— > 
R+ with r{U) = 0{T{U)) and V„, V± neighborhoods o/(0,0) in 

S„^{{U,z); UeC^, zenciU)nBH^{0,r{U))} 

endowed with the norm of x such that the maps 

are bijections and are smooth on Vq \ {(0, 0)}. 

Proof. We choose for example 

V. = {([/, z); UeBc2{0,e), z e TidU) n BH^^{0,r{U))} 

for some positive e and we work on the manifold Vo- \ {( 0, 0)} which is locally isomorphic to an open set 
of X HciU) n H^. We write 

rl«iu,z)^iu,z) + nl°iu,z) 

Since 

\\{Uoo,Zoo)-{Uo,zo)\\h.^o{\Uo\^ + \\zo\\1.) , 

we only need to prove the statement locally. Hence we prove that in a neighborhood of {Uo, 0). The maps 
{U, z) ^ {Idc2,PciUo))V± ([/, R{U, Uo)z) are bijective [Pc and R are defined in Proposition [Ml). 
To prove that V±° is bijective {i.e. the scattering exists). Let us prove it for (it is similar fo 
V^"). It is enough to prove that the following system has a unique solution in an open neighborhood of 
(0,0) in 5,: 

A{V±{v),eJ'"^''^^^fi±{v)){N{U{v),eJ'"^''^-^fi±{v)),dS{V±{v)))dv, 

and 

Lit) = Zoo - / e-^^^(^+-)Pc(F+(t;))J {d'F{S{V+{v))) ~ d^F{S{V+oo))) e-'^^(^+-)|+(«) dv 

e-'''"^^^^^Pc{V+{v))JN{V+{v),e-^''"^^^'-'^ii+{v))dv 
e-J^fi(y+^)p^(V+{v))dS{V{v))A{V+{v),e-''"'^^^^^fl+{v)){N{V+{v),e'^'"^^+^^fi+{v)^ 
+ I e--''"^^+^\dP,{V+{v)))A{V+{v),e-^'"^^+^'>fl+{v)){N{V+{v),e'^'"^^+^^fl+{v)),dS{V+{v)))e-^'"^^^^ 



with 77+(0 = i+{t) + e-^^^(^+-)5 (v+it),eJ'"^^+^'>i+it))y 

This system can be solved by a fixed point argument in the set of function such that 



sup(||z+oo - i+mn^), sup(t)3/2||z+oo - e+(i)lk=„, 
tea teK 



tern 

and 

are small with the method we used in Lemma 13.141 



sup(t)-^/^||z+^-C+(t)IU. , snp{{t)-'^'\\z+^-^+{t)\\H^ ) 



{tf \V+{t) - V+o^\ 



□ 
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For the same reasons the small locally invariant center-stable manifold build in Section [2. 21 is invariant 
in positive time. We can also consider the union of these manifolds, and we can obtain a map similar 
to the map '5 built in Lemma l5.ll The instability in negative time is in fact a consequence of Proposition 
[231 

The corresponding conclusion holds for the center unstable manifold. 

The statements on the instability outside these manifolds follow from Propositions 12.41 and 12.51 
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